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such length that the reactance curve is
negative. The ideal line, free from
attenuation, behaves either as a pure
inductive reactance or as a pure capacitive
reactance within any given quarter-wave
section. Actual lines, in which some
attenuation is present, will also show a
resistive component as well as the reactive
component, but this is not indicated on
the diagram.

3. The resonant circuit characteristics
of the line at exactly each quarter wave-
length. The ideal line behaves as a
series resonant circuit and as a parallel
resonant circuit alternately every quarter
of a wave long. In the ideal case, the
line has zero resistance when the series
resonant circuit is used to represent it
and infinite impedance for those quarter
wavelengths for which it behaves as a
parallel resonant circuit. Actually, real
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physical lines have more than zero and
less than infinite resistance at these points.
The line is resonant at 90-deg intervals for
both open and shorted cases, and for
quarter-wave intervals, the line behaves
alternately as a series and as a parallel
resonant circuit.

4. The resistance and the voltage and
current distribution for open and shorted
lines are given. For convenience, the
resistance curve is plotted along with the
voltage and current distribution along
the length.

5. For the shorted line, the graphs show
that, as measured from the shorted end,
the line acts first as an inductance for the
first quarter-wave section, then as a
capacitance for the next quarter-wave
section, and so on, alternately for each
90-deg interval.

6. For the open-end line, the graph

shows that, as measured from the open
end, the line acts first as a capacitance
and then as an inductance, alternately,
for each quarter-wave section.

7. The quarter-wave diagram near the
bottom of the chart is intended to show
that a quarter-wave section of line may
be considered as a tuned circuit. If the
line is slightly less than a quarter wave, it
will present inductive reactance, whereas
if it is slightly longer than a quarter wave,
the section will assume the characteristics
of a capacitance.

8. In a similar manner, the lowest
diagram is intended to show that a half-
wave line may be considered as a tuned
circuit element. If the line is slightly
less than a half wave long, its reactance
will be inductive, whereas the reactance
will be capacitive if the line is slightly
longer than a half wave.

Transmission-line Calculator

THE caleulator described here is funda-
mentally a special kind of impedance
coordinate system, mechanically arranged
with respect to a set of movable scales to
portray the relationship of impedance
at any point along a uniform open wire or
coaxial transmission line to the impedance
at any other point and to the several
other electrical parameters. These other
parameters are plotted as scales along the
radial arm and around the rim of the
calculator, both of which are arranged to
be independently adjustable with respect
to the main impedance coordinates.
All the parameters are related to one
another, and specific solutions to a given
problem are obtainable through the use of
an adjustable cross-hair index along the
radial arm, which extends to intersect the
scales around the rim. The parameters
that are plotted on the calculator include
the following:

1. Impedance, or admittance, at any
point along the line. (a) Reflection co-
efficient magnitude. (b) Reflection co-~
efficient angle in degrees.

2. Length of line between any two
points in wavelengths.

3. Attenuation between any two points
in decibels. (a) Standing wave loss co-
efficient. (b) Reflection loss in decibels.

4. Voltage or current standing wave
ratio. (a) Standing wave ratio in deci-

By PHILLIP H. SMITH

bels. (b) Limits of voltage and current
due to standing waves.

A brief discussion of each of the several
parameters and the manner in which they
may be evaluated from the calculator
will be given.

The impedance at any point along a
transmission line is, unless otherwise
defined, normally considered to be that
impedance which would be measured if the
line were cut at that point and measure-
ments were made looking into the line
section which is connected to the load.

Impedance—General Considerations

The impedance at any point along the
line and the power reaching this point
from the generator completely determine
the magnitude of the current and voltage
and their phase relationship at that point.
For a steady state, the generator imped-

ance itself, as well as the impedance
looking toward the generator from any
point along the line where it may have
been considered to have been cut, can in
no way affect the distribution of current
or voltage along the transmission line to
which the generator is connected.

In other words, the generator imped-
ance can have no effect on the standing
wave position or amplitude ratio or on
the relation of the standing wave to the
impedance distribution (locus of imped-
ances) along the line. The generator
impedance can affect only the power
delivered to the transmission line and,
consequently, the amplitude of the current
or voltage all along the line, propor-
tionately. The calculator relates the
series components of the impedances thus
considered at any point along a trans-
mission line to a number of other param-
eters which will be discussed individually.
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Impedance Coordinates—Central Area of
Calculator

The series impedance components are
represented on the calculator as two
orthogonal families of circular curves
plotted upon the central circular disk,
one family of curves representing resist-
ances and the other reactances. All
impedances, both known and unknown,
are read thereupon. To make the calcu-
lator of general application, these imped-
ance coordinates are labeled as a fractional
part of the characteristic impedance of
the line (a fixed parameter in any given
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Fig. 2.—Circular transmission line calculator with separately
rotatable wavelengths scale around rim.
shown at left is pivoted at the center of the calculator.

is slipped on arm as crosshair indicating mechanism,

Transparent arm

Slider

problem which may be evaluated from
the physical dimensions of the line).*

It is therefore necessary when using the
calculator for solving problems involving
the impedance at any point to first divide
the components of all known impedances
by the characteristic impedance of the
line, then obtain a solution from the
calculator which, if an impedance, will be
expressed as a fraction of the character-
istic impedance of the line, and finally

* MorrisoN, J. F., Transmission Lines, Pick-ups
(Western Electric Co., New York), December, 1939.

See also TerMaN, ‘“Radio Engineers’ Handbook,”
p. 174, McGraw-Hill Book Company, Inc., New York.
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to multiply this solution by the character-
istic impedance to obtain the answer in
ohms. The characteristic impedance is
usually a real number, t.e., a pure resist-
ance, for radio transmission lines, which
makes this procedure a relatively simple
one.

The relation between the impedance of
the line at any point and the other
parameters listed above is evaluated with
the aid of the cross-hair index line on the
radial arm as described later.

Equivalent Parallel Components of Impedance

The calculator also provides a means for
converting the series components of
impedances to their equivalent parallel
resistance and parallel reactance ecom-
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ponents. This is accomplished by setting

the series components under the cross-

hair index line on the radial arm and then
moving the latter to the diametrically
opposite point on the calculator and
taking the reciprocal of the values read
at that point as the equivalent parallel
resistance and parallel reactance. (A
reciprocal scale is provided along the
radial arm.) The equivalent parallel
component of resistance is useful in
problems where it is desired to evaluate
the magnitude of the voltage and to avoid
converting the problem to one involving
admittances.

Admittance Coordinates

The calculator relates the series com-
ponents of admittances, as well as
impedances, to the various other param-
eters listed above and accordingly the
coordinates may be considered to be
admittance coordinates if preferred. In
this case the coordinate axis (real)
labeled Resistance Component (R/Zo)
becomes the Conductance Component
(a/Y ) axis, the scale units then indicating
a fractional part of the characteristic
admittance of the line. Likewise, the
coordinate axis (imaginary) labeled Posi-
tive Reactance Component (+jX/Zo)
becomes the Positive Susceptance Com-
ponent (43b/Y) axis and in the negative
direction the Negative Susceptance Com-
ponent (—jb/Y).

Admittance is defined as ¥ = a + jb,
and it is important to remember that
capacitance is considered to be a positive
susceptance and inductance a negative
susceptance. The direction of rotation
indicated on the calculator in moving
from one point to another is the same
whether impedance or admittance co-
ordinates are considered.

Converting Impedances to Admittances

Impedances may be converted to
admittances, or vice versa, by going to a
diametrically opposite point on the
caleulator, as described above for obtain-
ing the equivalent parallel resistance
components, and reading the values at
that point as conductance and susceptance.

Reflection Coefficient

The impedance (or admittance) at any
point along a uniform transmission line is
completely defined by the amplitude and
phase angle of the ‘reflection coefficient’’
at that point. It is often convenient to
think of transmission-line phenomena in
terms of the magnitude and phase
relationship of reflected and incident
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traveling waves, t.e., the reflection co-
efficient of the transmission line under
consideration.

The magnitude of the reflection co-
efficient is expressed by a number between
0 and 1.0, which represents the ratio of
reflected to incident voltage at the point
under consideration. If the attenuation
of the line is negligible, the magnitude of
the reflection coefficient will be a constant
at all points along the line for a given load
impedance resulting in a given standing
wave amplitude ratio along the line.

The magnitude of the reflection co-
efficient is plotted as a scale along the
radial arm. The phase angle of the
reflection coefficient is directly related to
the impedance and accordingly is indi-
cated on the calculator as a scale around
the rim of the impedance coordinate
system.

All impedances radially in line have a

constant reflection coefficient phase angle.

This phase angle is the angle by which the
reflected wave lags the incident wave at
the point along the line under considera-
tion. Where these two waves add in
phase to give a maximum voltage, the
impedance is resistive and greater than
the characteristic impedance of the line,
and the angle of the reflection coefficient
is zero degrees. Going toward the gener-
ator from this point, the departure from
zero phase angle is linearly related to the
distance traversed. The reflected voltage
wave at first lags the incident voltage
wave (having the longer path to traverse),
and the phase angle of the reflection
coefficient is considered to be negative
for the first quarter wavelength from the
voltage maximum point in the direction
of the generator. The reactive com-

ponent of the impedance in this region is
negative.

At the exact quarter-wavelength (90
deg) point, the incident and reflected
voltage waves are exactly out of phase
and the angle of the reflection coefficient
is +180 deg. Continuing in the same
direction toward the generator, the two
waves become increasingly more in-phase
and in this region between one-quarter
and one-half wavelength from the voltage
maximum point toward the generator,
where the reactive component of the
impedance is inductive, the reflected
wave leads the incident wave, and the
reflection coefficient has a positive angle.

The relationship between the magnitude
of the reflection coeflicient and the stand-
ing wave amplitude ratio may be derived
from the fact that at the voltage maxi-
mum point the incident and reflected
waves add in phase, whereas, at the
voltage minimum point they are exactly
out of phase, thus

Ve
Emax_>VI+VR__1+—V—[

Emin—VI—VR—I_&i (1)
Vi
Since Ve/Vi =k
Emax . 1 + k
Epnin 1 -k @)

k = magnitude of the voltage reflection
coefficient
V& = reflected voltage
V1 = incident voltage

Length of Line—Movable Distance Scale

around Rim

Impedances along a uniform trans-
mission line vary cyeclically, repeating
every half wavelength if the line has
negligible attenuation. Thus, for any
given termination the impedance locus
path in going along the line in either
direction from any initial starting point
will close upon itself in exactly one-half
wavelength effective length. The circular
calculator is arranged so that one trip
around the impedance-coordinated disk
at any constant distance from the center
corresponds to a movement of just one-
half wavelength along the transmission
line. The length scale around the rim of
the ecalculator is linear, and its zero
position may be adjusted so that measure-
ments can be started from a point radially
in line with any known impedance point
on the coordinates and carried in either
direction, t.e., either “toward the gener-
ator” or “toward the load” to a point
where it may be desired to know the
impedance.



Uniform transmission lines with air
dielectric and negligible attenuation have
an ‘“‘effective length’’ equivalent to the
length of the wave in free space, and no
correction is required for the length scale.
However, any solid dielectric material in
the field of the conductors causes a
reduction in the length of the standing

wave which is proportional to 1/ VK
where K is the dielectric constant. This
applies to lines where the entire field is
confined to a homogeneous dielectric such
as rubber-insulated coaxial lines. In
coaxial lines, for example, where bead
insulators are used, if the beads are
spaced closer than about 1/36th wave-
length, the line may be considered to have
a uniform effective dielectric constant.
The length scale refers to the effective
length of the line.

As later discussed, the relation between
impedance and current distribution
(standing waves), especially with respect
to their position along the line, is often
conveniently referred to the pure resist-
ance points, and length measurements are
often made with reference to one end
or the other of the real axis, at which
points the maximum and minimum
current and voltage points occur.

Any line length in excess of one-half
wavelength can be reduced to an equiv-
alent shorter length to bring it within the
scale range of the calculator by sub-
tracting the largest possible whole numbers
of half wavelengths therefrom.

Scales Along Radial Arm

A number of the parameters are unique-
ly related to one another as well as to
the magnitude of the reflection coeflicient
previously described. These parameters
are conveniently plotted as scales along
the radial arm in nomograph form.
Their relationship may be evaluated
through the use of the sliding index line
which permits reading any or all of the

Construction of constant-resistance curves R/Z,.
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several scales at the intersection of the
slider index line. A given set of such
values are also related to a given imped-
ance locus which is traversed upon the
impedance coordinates at the cross index
line intersection when the radial arm is
rotated once around the calculator. The
several related parameters plotted along
the radial arm in nomograph form include
the following:

1. Attenuation in 1-db steps (due to
loss resistance of line, leakage, and di-
electric loss).

2. Standing wave loss coefficient (due
to increased average current and voltage).

3. Reflection loss (or gain) in decibels.

4. Reflection coefficient magnitude
(voltage).

5. Standing wave ratio (SWR) of
maximum to minimum current or voltage.

6. Standing wave ratio expressed in
decibels (20 log;o SWR).

7. Relative voltage or
maximum and minimum
constant power.

current at
points for

Attenuation

Attenuation causes the impedance locus
along a uniform transmission line to spiral
inward toward the center of the calcu-
lator from the initial starting point when
going from the load end of the line
“toward the generator,”” and to spiral
outward toward the rim when going from
an initial starting point “toward the
load.” The rate at which this spiral
locus approaches the center (or the rim)
depends directly on the attenuation per
unit length of line as well as on the initial
starting point.

Impedances near the rim (encountered
along a line bearing a large standing wave)
are altered to a greater extent by a
decibel unit of attenuation, for example,
than impedances near the center. The
attenuation scale is conveniently plotted
along the radial arm since it is a measure
of the rate at which the impedance locus
spirals in or out.

The starting point for this nonlinear
scale must be capable of being set at any
impedance point on the coordinates.
Also, the scale must be capable of measur-
ing attenuation in either direction from
the starting point, depending on whether
conditions are to be observed in a direction
from an initial starting point toward the
load or toward the generator. To ac-
complish this, the scale is laid out, without
markings, in 1-db steps. Thus, to take
into account an attenuation of, say, 3
db, it is necessary to count off three 1-db
intervals in the proper direction along the
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attenuation scale from whatever starting
point may have existed, before reading
the answer on the impedance coordinates.
The proper direction to go in correcting
the impedance for attenuation of the
line is indicated on the attenuationscale
itself.

Standing-wave-loss Coefficient

The scale along the radial arm labeled
S.W. Loss Coef. shows the additional
copper or dielectric loss due to the
presence of standing waves in the vicinity
of the standing wave measurement. This
added loss coeflicient, which multiplies
the calculated loss in decibels for a
matched line, does not affect the line im-
pedance. This added dissipation within
the line is caused by the fact that the
line conducts more average current and
is required to withstand more average
voltage for a given transmitted power
when standing waves are present than
would normally be the case if the line were
properly matched.

Since copper losses at any point are
proportional to the square of the current
and dielectric losses or leakage losses are
proportional to the square of the voltage,
the percentage increment in losses applies
equally to either type of loss. This loss
coefficient refers more accurately to the
increase in losses over a half wavelength
of transmission line in the immediate
vicinity of the standing wave measure-
ment. In cases where the copper and
dielectric or leakage losses are approxi-
mately equal, it holds closely for any
fractional part of a half wavelength. In
this special case, when moving along the
line, the change in copper loss due to the
standing current wave is approximately
compensated by an equal and opposite
change in dielectric or leakage due to the
reversed slope of the voltage wave,
resulting in a substantially uniform
increase in loss for any fractional part of a
half wavelength. If, due to attenuation,
the standing wave ratio and consequently
the standing wave loss coefficient change
in moving along the line, for example,
several wavelengths, then the increased
loss for the entire line section traversed
lies between the coefficient limits indicated
at each end.

Reflection Loss (or Gain)

The reflection loss may he derived
from the reflection coefficient &, which, as
described, is the ratio of reflected to
incident voltage. The reflection loss in
decibels is )

db = 10 logo %bﬂd (3)

incident



330

The absorbed power is proportional to
the square of the incident voltage (V%)
minus the square of the reflected voltage
(V)% and the incident power is pro-
portional to the square of the incident

voltage (V1?). Therefore
T2 2
db = 10 log;o h—VIZI/—R (4)
2
= 10logs 1 — (—5—?) (5)
= 10log,c (1 — k?) (6)

If the attenuation of the line is negli-
gible, the reflection loss does not represent
an actual loss of power, for, if an imped-
ance match is made at the sending end of
the transmission line with the generator,
a reflection gain which neutralizes the
loss at the load end takes place.
When the attenuation is not negligible,
the reflection loss at the input (which
actually represents an equivalent reflec-
tion gain when the input impedance to
the line is matched to the generator
impedance) will be less than the reflection
loss at the load. This difference between
the reflection loss (which can be read on
the radial arm of the calculator) at the
two ends of the line represents an addi-
tional dissipation loss, which is caused by
the increased average current and volt-
age, within the line itself.

Standing Wave Ratio

The standing wave ratio SWR is
expressed as a number greater than 1.0.
The position of the standing wave along
the line is significant, and it is important
to remember in using the calculator that
it is always at a current maximum point
that the impedance is a minimum and
real, .., the current maximum point
always falls along the R/Z, axis (when
7., is real) at a point between 0 and 1.0.

Likewise, it is important to remember
that the current minimum point always
falls along the R/Z, axis at a point be-
tween 1.0 and «. The voltage standing
wave is always positioned just a quarter
wavelength along the line either side of
the position of the current standing wave,
so that a voltage minimum point on the
wave will always coincide in position with
a current maximum point, and likewise a
voltage maximum point will always
coincide in position with a current mini-
mum point.

Thus, the relative position between im-
pedance and current distribution (stand-
ing waves) is most conveniently referred
to these pure resistances or real impedance
positions along the R/Z, axis, and stand-
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ing wave measurements are made with
respect to these points along the line.

A given standing wave ratio uniquely
defines the locus of impedances encoun-
tered along a uniform transmission line
when the latter has negligible attenuation.
To determine this locus, the slider along
the radial arm is set to coincide with the
known standing wave ratio. The imped-
ance locus then appears at the intersection
of the cross-hair index when the arm is
swung around through one complete
revolution. The passage of this inter-
section point once around the calculator
is equivalent to moving one-half wave-
length along the transmission line, and it
is thus seen that the impedance circle
locus closes upon itself and then repeats
for any two points a half wavelength
apart and greater. The impedance locus
passes through the resistance axis twice
in one revolution of the arm about the
coordinates, at which two positions the
impedance is maximum and minimum,
respectively, and, as described, the current
and voltage, likewise, go through maximum
and minimum values.

The measurement of standing waves is
often accomplished through the use of
sliding ecapacitive or inductive probes
(depending on whether voltage or current
waves, respectively, are to be observed).
The output power taken from the probe
is at a low level compared with that
flowing in the main line so as not to
disturb the line characteristics.

Standing Wave Ratio Expressed in Decibels

The probe output is amplified through
a double detection receiver. The receiver
includes an attenuator, in its i-f amplifier
circuits, which is calibrated in decibels.
The rectified output of the receiver is
indicated on a reference level meter.
It is convenient to adjust the meter
output to an arbitrary reference mark and
observe the change in attenuation required
when going from a maximum to a mini-
mum point along the standing wave.
The standing wave amplitude ratio may
then be expressed in decibels. Thus, a
6-db standing wave will have a ratio of
maximum to minimum amplitude of 2:1.
Used in this sense the term has no
significance insofar as loss or power ratio
is concerned. A scale is provided to
permit expressing the standing-wave ratio
in decibels.

Relative Voltage or Current at Maximum and
Minimum Points

If a transmission line is conducting a
given amount of power, it will do so most

efficiently when standing waves  are
eliminated. However, there are cases
when it will be acceptable, or even
desirable, to permit standing waves to
exist. In this case, the line must be
designed to withstand the inerease in
current and in voltage at the antinodes.
This increase at the antinodes in both
current and voltage (and decrease at the
nodes) is plotted along the radial arm and
refers to the increase or decrease at these
points over what it would be if the line
were properly terminated and were
conducting the same amount of power to
the load.

The voltage magnitude E at any point
along the line in terms of the equivalent
parallel resistance R,., component and
the power P is

E = ’\/’]epar X I:) (7/\

whereas the current magnitude I at any
point in terms of the series resistance R..
component and the power P is

7

I'=Ng>

(8)

In either case, the reactive component is
not involved.

At the maximum and minimum imped-
ance points, the series and parallel
components become the same. At these
points the maximum and minimum
current and voltage are conveniently
evaluated from the standing wave ratio,
characteristic impedance, and power as
follows:

S
o = Nk 507 ®
_ L[SWR XP
Toax = \/—z\ (10)
P X Z,
Frin = \/ ST (1)

(12)

where Z, = characteristic impedance, ochms
P = power, watts
SWR = voltage or current standing
wave ratio expressed as a num-
ber greater than unity

It
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Example for Use of the Calculator

A coaxial r-f transmission line having a
characteristic impedance of 50 + 70 ohms
is terminated in an unknown impedance
that causes a standing wave near the load
such that Eumw/Emin = 2.0. A voltage
maximum point on the standing wave
exists 0.175 wavelength from the load.
The line is 2.84 wavelengths long and has
1.0-db attenuation.



1. To find the load impedance:

a. Set the slider on the radial arm to
the position on the Emax/Emi scale
opposite 2.0.

b. Rotate the radial arm until its
index line coincides with the R/Z,
axis between 1.0 and « (where the
voltage is maximum), and rotate
the length scale around the rim
until its zero point is aligned with
the index line on the radial arm.

c. Rotate the radial arm 0.175 wave-
length counterclockwise toward the
load (from the voltage maximum
point) as measured along the length
scale at the rim, and read the series
components of the load impedance
as R/Z, = 0.60 and +;X/Z, =
0.36. Since Z, is 50 -+ jO ohms,
this corresponds to Z; = 50(0.60 +
70.36) = 30.0 + 718.0 ohms.

2. To find the input impedance:

a. Asin la and b above.

b. Rotate the radial arm 2.84 — 2.50*
= 0.34 wavelength clockwise toward
generator as measured along the
length scale, and read the series
input impedance components (be-
fore correcting for attenuation)
asR/Z,= 0.64and +jX/Z, = 0.44.
Since Z, is 50 + jO ohms, this
corresponds to Z, = 50(0.64 -+
70.44) = 32.0 + 722.0 ohms.

¢. Correct for attenuation by moving
theslider index only along the arm to-
ward the generator one-decibel unit.
The input impedance components
are then read as R/Z, = 0.72 and
+jX/Z, = 0.37, which corre-
sponds to Z, = 50(0.72 4 j0.37) =
36.0 + j18.5 ohms.

* Subtract the largest whole number of half wave-

lengths to obtain equivalent length less than one-
half wavelength.
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3. To find the total dissipation in the
line:

a. The attenuation as stated in the
problem is 1 db, which is the
nominal loss without standing
waves. The increased attenuation
due to standing waves (as observed
at intersection of slider index with
S.W. Loss Coef. scale) is 1.25 times
at the load end and 1.14 times at
the generator end. The slider is
set, respectively, as for 2b and
¢ above. The dissipation loss for
the whole line can be shown to be
increased because of standing waves
by the difference read on the
reflection loss scale at the two ends
of the line. This is seen to be
0.51 — 0.31 = 0.20 db. Thus, in
this case the total dissipation loss
within the line is 1.20 db.

4, To find the increase in voltage or
current at the maximum point due to
standing waves:

a. With the slider index set as at
2b and ¢, respectively, the increase
over the uniformly distributed volt-
age (no standing waves) due to the
mismatch of impedance at the load
is seen from the Limits scale to be
1.41 times at the load end and
1.31 times at the sending end of the
line. At the nulls, it is reduced to
0.707 and 0.761 times, respectively.
The actual magnitude of the voltage
depends on the power.

Construction Data

It will be seen that all the circles of
constant resistance are centered on the
resistance (RB/Z,) axis between the limits
where R/Z, = 1.0 and « and that these
circles are all tangent to the edge of the
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coordinate system at the point when
R/Z, = .

The cireles of constant reactanee are all
centered along a straight line perpen-
dicular to the R/Z, axis at the point where
R/Z, = =,

The scales along the radial arm of the
calculator are conveniently plotted as a
function of the magnitude of the voltage
reflection coefficient &k (a linear scale
running between 0 at the center and 1.0 at
the rim). The formulas utilized are

Minimum voltage or current (N)

2
Feltiyam W
!
Maximum voltage or current (X)
2
k=1——1+X2 (14)
Standing wave ratio (db)
k=1 2 (15)

T 1 +log*db/20

Standing wave ratio, greater than unity
(STWR)
2

k=1-11swe (16)
Attenuation (db)
1 2 tanh (0.11512 db)
b=1-grhoised) +1 79
Standing wave loss coeflicient (C)
2
k=1-— — 18
. 1+C+C=1 (18)
Reflection loss (db)
(1o
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Impedance Chart for R-f Lines

By ALFRED E. TEACHMAN

Surge impedance of parallel-wire lines is given in
terms of wire diameter and spacing, when the spac-
ing is greater than ten times the wire diameter

By Alfred E.Teachman
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No. 8 0.128"
No.10 0.102"
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Transmission-loss Charts

By JACK G. ROOF

Nomographs for calculating transmission losses or gains caused by insertion of a series

impedance into a line or bridging of an impedance across a line, in three ranges of values

IF an emf E acts through an impedance
Z, onto an impedance Z; in series, as
in Fig. la, the current in Z, is given as
20 = E/(Zy 4+ Z2). If a series impedance
Z, is placed between Z; and Z as in Fig.
15, the current now flowing through Z,
ist. = E/(Z,+ Z» + Z,). The absolute
ratio of the currents in these two instances
is

170
ta

= Zl'i'Z2'I"Zay
Z,+ 2,

+ZLZ9o
Z e

=
_I

where Z £ 0 = (Z,+ Z,)/Z,
Similarly, for the case of the bridged
impedance of Fig. lc, 7 is as above, and

'ih = EZb/(Z1Zb + ZQZ(, + Z1Z2). The
absolute value of the current ratio is
EJ - Z_1Zb + Z.Zy + Z.\Z, -
Y Z\Zy + Z\7y
v | b
Zn Y 1+Zzow‘,
Zy | Zs ZZo (
Z] Z2
_Z Z,
whereZAo=Z—l+Z-

Thus, in either case the same general
equation results, with a necessarily differ-
ent definition of Z Z 8 in the two setups.
<The decibel loss due to the current
decrease after insertion of the impedance
is given by

db = 20 log, VTR

;—0{ =2010g10 1 +ZA0}
@b

db = 20 lOglo

DB
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Fig. 2.—Chart for small values of impedance Z and large decibel losses and gains.

ZZ—}-2Zcos(9-{—1=

Carrying out the indicated addition of 7
unity to Z Z0 and the subsequent Z:+2Zcos 6+ 1 1
division of this sum by Z Z 6, one obtains 10 log:o (——_zz O
Z, 2 Z, Zq Z; Z,
o iq z
(a) (b) (c)

Fig. 1.—Equivalent circuit of transmission line (a), same circuit with inserted series impedance (b),
and same circuit with inserted shunt impedance (c).
gain in these circuits.

Accompanying charts give insertion loss or

In this equation db is so defined that a
positive value means a loss and a negative
value means a gain in transmission. To
convert Eq. (1) to a type for which a
nomograph may readily be constructed,
one may make the following change
in form:

Z2 41 2
73 +Zcoso

which is of the form f(db) = ¢(Z) +
Y(Z) - F(6). This latter type of equation
is known to be one for which a nomograph
is calculable.!

Nomographs emphasizing two ranges
of db loss (or gain) are shown in Figs. 2
and 3. The charts are labeled so as to
indicate whether there is a loss or a gain

109b/10 =
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All charts give impeolance Z in ohms, phase angle © in
deg. anodl loss or gain in decibels for 2 /O , which is
defined as Z'Z-’-—ZZ for Fig.1(a) and 1(b)
o
and definedas Zb +_z_b. for Fig.1(c)
DB Zy, 2 e
10 =0
Z5 —20 z
< . _
g . 20
) }
] - =
o -
]
i w0l
60
- 6o
' of
—i80 =
i 100—
oo
h 200(-
| —i20
L 03 - 400
L —fi40 600/~
5 p 800
| 0.2 Jiso _
10~ =180 1000~

Fig. 3.—Chart for intermediate values of Z and intermediate decibel

losses and gains.

in transmission due to insertion of the
new impedance. When cos 0 is negative
it is sometimes possible for db to be
negative, indicating a transmission gain.

Improving Accuracy

Because of the particular form of
Eq. (1), the accuracy at low wvalues
of db and high values of Z is not very
good. However, when Z? is large com-
pared to unity, this equation can be
simplified to give

109710 o 1 % cos 6, or

2
— 1= 2> cos 6

db/10
10 7

@)

which is a good approximation if Z2 > > 1
and if 8 is not too near 90 deg. This
equation has the form fy(db) = ¢(Z) - F(8),
which may be represented in various
forms of nomographs.

Ordinarily, because F(#) involves cos 6,
which passes through zero and has nega-
tive values, the usual scheme of three
parallel logarithmic scales would not be

DB e
0.4_:0.4 :::% :o
o.2—{0-2 uo-_-' 40

o,;o::O.lo 7]
o.o.-fE Eo.o.f: 120—60

no—7o0

DB GAIN FOR © > 100°*
(N
I
DB LOSS FOR ©(80°

10080

practical. However, since the approxi-
mate Eq. (2) is not valid for values of 8
near 90 deg, this objection is of no
significance. Figure 4 gives such a
nomograph for high values of Z and
low values of db for 0 < § < 80 deg and
110 < § < 180 deg. In this chart, use
of the scale of 8 < 80 deg requires reading
a transmission loss; for 8 > 100 deg, a
gain. The maximum possible error in
this chart comes with use of 8 = 80 or
100 deg and Z = 20, in which case the
absolute value of db is about 13 per cent
low. This error decreases very rapidiy
as Z becomes larger or 8 deviates further
from 90 deg, being only 3.5 per cent for
6 = 70 deg and Z = 40.

The accuracy in Figs. 2 and 3 is limited
only by the ability to construct, repro-
duce, and read the nomographs accu-
rately. If a nomograph giving more
precise values of losses and gains over a
specific range of Z and 0 were needed, it
could be readily constructed along the
lines indicated above.

1. Suppose an impedance Z, = 150415
deg is inserted in series between a genera-

Fig. 4,—Chart for large values of impedance Z and small deci-

bel losses and gains.

tor of impedance Z, = 500260 deg and a

receiver of impedance Z, = 200490 deg.
Then

ZLo= (Zl + Zz)/Za

has a value of approximately 4.53/53.4

deg. TUse of Fig. 3 shows for Z = 4.53
and 8 = 53.4 per cent a loss of approxi-
mately 1.16 db by insertion of the series
impedance specified.

2. Suppose an impedance Z, = 5004120

deg is bridged across a receiver of im-
pedance Z, = 25415 deg which is being
powered by a generator of impedance

VA
Z, =107 80 deg. Then zzoEZ—:

+ Z_Z has a value of approximately
65.5 £ 137.5 deg. Fig. 3 shows a gain
of approximately 0.10 db by use of this
impedance bridge.

References

(1) Davis, D. S., “Empirical Equations
and Nomographv,” McGraw-Hill Book
Company, Inc., New York, 1943.
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R-f Matching Sections

By A. C. OMBERG

A graphical method of computing the shunt and series elements of L-type matching
sections for matching a complex impedance to a resistance, such as those of an
antenna and its transmission line, in terms of the antenna and line impedances

HEN a resistive impedance is to be Then X and X, can be combined in series ;4 Xo = Rr

matched to a complex impedance, to form the total inductive reactance Vr =1
as for example a transmission line to an X;. The impedance looking into the
antenna, a simple means of effecting a L section, terminated by R + jX, will

proper impedance match is the use of the then be

where r is the ratio Ro/E. The curves
give X; and X¢ in terms of r and R.
C el ! As an example, suppose the antenna
I-type section, consisting of a series 7 —jXc(jX1 4+ R) displays an impedance of 25 + j50 ohms,
inductance and a shunt capacitance. A " TR+ (XL — Xo) and the surge impedance of the line is

typical matching section of this type is 250 ohms. Then r = 250/25 — 10 and
shown in the circuit. The charts have When the input of the L section is g — 95 From the curves Xz = 75 ohmas

been prepared to allow a rapid deter- terminated in a pure resistance Ro, the 44 Xc¢ = 90 ohms. The shunt reactance
mination of the shunt and series elements  surge impedance of the transmission line, is, accordingly, —;90 ohms, and the total
in terms of the terminating impedance a proper match is obtained when the gqijes reactance is +475 ohms, 4750 ochms
values. reactive component of Zi. is zero, and  of which is contributed by the antenna

It is assumed that the complex termi- when the resistance component is equal 0 i quctance. Hence the necessary addi-
nating impedance (that of the antenna) Ro. With these conditions specified, the  ¢iona] series inductance is -+j25 ohms.
is of the form R + jX, that the reactance reactances Xz and Xc may be computed 1t ghould be noted that this type of

of the series inductance arm is X,, and from network is useful only when r is greater
that of the shunt capacitive arm is Xe. X, =RAr =1 than 1.
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RESS S e S s S S
600 r 7 A7 17 71T/
400 f I/ 'I//” /I/ /‘ I// a / 400 /I f /’/ / //‘/: /
300} 77/ AV ,/{// A4 300_\//// V1 /(R0 //]/ /
200—‘1f ru/ / ’//// AV //// / / / zoo-q."w n,/ / / // / //// //
INAW AN/ AR IS/ & 1S AN ¥ /Y /AR IA,
/77 T4 7 ST ( /
100/ re
y 2 — i A AV AV i y i A — A i 4 y 40w 4 yAW AV 4T 4 7 i A
L vy awa; (W AVARAY VAV AW AVl ) S 4 AVATA 470 N A A W AV AV VAW AT AW AV AT A
. 6ol A AT A T . 6_0// . 17;;‘1 WAVE 00/ AW arAwar
v gol LA ST LA/ £ Y L VAN ATH L1/ AN, S aol LTV NV ATV Y V7))
SR VA AV 21111/ VAV AVAVAL 1/ AUAVAVAT AN )] S A i 7 7
& oL LA IT L IR AL < LI YR I Y Yy
/ /)] //,//,///,/(// ;’?)l.l///;// A / /V/, [/ /;/ i /I/Q/,//
'0 // l/(ll// / / Al /I/Il '/ IAI/Q/[ 4 I/ ’ ,o /l v 4 l{ i l/ l/l/l £ ’f) I{/ Q
8L - A a 777 llll{: - s v a4l mmy A A
M vassi/mys 77/ 1V LS Nrmssiiii 7 IarivaIii v Ve )i
177/ 227 LA/ Iaaiiii &' s Ia'giriii
W71/ 74/ P Virs/ ’ ST AVWEYI//ANIN, IRl
N7/ AV8AY, 7/ AVEAY ///4vi AN s TV TV 1L JI7//YAYIRY
0/ ’ : R @A 11
. \ \
i A// ”4/ /’/ ,\\ SS.\- :&&SS.- :&- ~\\E“~:
I 2 34 6810 20 3040 6080100 200 300 500 700 1000 1 2 34 681010 20 3040 6080100 200 300 500700 1000
X,— Ohmsg Series Reactance X¢— Ohms Reactance

Chatts for determining total series inductance and shunt capacitance in r-f matching sections.
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Universal Wave Guide Chart

By ARTHUR BRONWELL

Four curves on a graph give directly the phase constant, phase velocity, group veloc-
ity, attenuation constant, and wavelength for both rectangular and circular guides

IT is possible to express the properties of
wave guides in such a manner that
the equations are identical for all ree-
tangular and circular guides excited in
either the transverse electric TE or
the transverse magnetic TM modes.
This makes possible the construction of a
single set of curves to represent (1) phase
constant B, (2) wavelength in the guide
Ap, (3) phase velocity v,, and (4) group
velocity v, at wavelengths below cutoff,
as well as (5) the attenuation constant a
above the cutoff wavelength. The curves
are applicable to all modes of transverse
electric and transverse magnetic waves
in either hollow guides or dielectric filled
guides. In deriving the equations from
which the curves were plotted, it was
assumed that the losses in the walls of
the guide and in the dielectric were
negligibly small, an approximation that is
valid for hollow guides and approximately
correct in the case of low-loss dielectrie-
filled guides.

The graph shows four separate quanti-
ties plotted as ordinates against the ratio
of the impressed wavelength to the cutoff
wavelength M/A. or the corresponding
frequency ratio f./f. To make use of
the chart, it will be necessary to know
both A and \.. For rectangular wave
guides whose cross-section dimensions are
e and b, the cutoff wavelength is given
by

2

"‘=[ m)2 rl)z D
=) +G)]

where m and n are integers expressing the
mode of oscillation in the ¢ and b directions.

For cylindrical wave guides of radius b,
the cutoff wavelength is

27b
Ao = b (2)

where values of kb for various modes of
excitation are given in the table. Know-
ing A and A, the other values can be
found.

These equations are valid for either

hollow guides or metallic guides filled
with a lossless dielectric medium. The
wavelengths N and M. also satisfy the
relationship

c
= Vi~ v 3)
where ¢ is the velocity of light (3 X 10
cm per sec), k is the dielectric constant,
which is unity for hollow guides, and »
is the velocity of propagation in un-
bounded dielectric having the properties
of the dielectric in the guide. For hollow
guides, v = ¢ =3 X 10 cm per sec.
For given guide dimensions, the cutoff
wavelength is the same for hollow or
dielectric-filled guides. However, the
velocity v is smaller for dielectric guides,
hence the cutoff frequency is lower.
These equations will be modified some-
what if the dielectric losses are taken into
consideration.

As an illustration of the use of the
curves, consider the special case of a
hollow rectangular wave guide having the
dimensions ¢ = 10 em and b = 12 cm,
excited in the TE,; mode. We shall
assurne that the wavelength of the
impressed signal is X\ =13 cm. The
cutoff wavelength then becomes

= _1535em

r\? x\ 2|
[(%) + ()]
The ratio of impressed to cutoff wave-
length is A/A. = 13/1535 = 0.847.
From the chart we may obtain the follow-
ing values:

Ap/A =189 or
vp/v = 1.89 or v,

189 X 13 = 24.6 cm
1.89 X 3 X 10
= 5.68 X 10!%cm /sec*
ve/v = 0.525 or v, = 0.525 X 3 X 10t

= 1.58 X 10 cm/sec
= 3.25/13
= 0.250 radians/cm

[

A =3.250rp

If the impressed wavelength had been
A =20 cm, then A/A. = 1.30 and the
wave would be attenuated in the guide.

* Note that the phase velocity is greater than that
of light.

The value of @\ is then 5.1, and o = 0.255
neper per em or 2.21 db per cm, since 1
neper = 8.96 db.

It should be borne in mind that the
attenuation considered here is not due to
power loss in the guide walls, but rather,
consists of a reflection of the wave
energy back to the source due to the fact
that the guide dimensions are below
cutoff. There is no power loss in this
type of attenuation, and the attenuation
constant indicates how rapidly the electric
and magnetic field intensity components
decrease as the wave progresses along
the guide.

If the guide is of circular cross-section,
with b = 5 cm, and excited in the TE,; ;
mode with A = 13 cm, the cutoff wave-
length is A, = 2wb/kb = 2 X 5/1.84 =
17.1 em. The ratio is then /A, = 0.761
and, from the chart, we have the following
values:

Ap/N = 1.54 or A, = 1.54 X 13 = 20.10 cm
vp/v = 1.54 or v, = 1.54 X 3 X 101
= 4.64 X 10'%/cm/sec*
v,/v = 0.645 or y, = 0.64 X 3 X 10
= 1.93 X 10" cm /sec
BN =4.0 or B8 = 4.0/13
= 0.307 radians/cm

The attenuation of the circular wave
guide at wavelengths above cutoff may
be computed in a manner similar to that
of the rectangular guide. The universal
nature of this graph should make it a
useful implement in wave-guide studies.

Values of kb Corresponding to Different Modes
of Transmission in Cylindrical Wave Guides

TM,. . waves TE, » waves

n m kb n m kb

0 1 2.40 0 1 3.83
0 2 5.52 0 2 7.02
1 1 3.83 1 1 1.84
1 2 7.02 1 2 5.33
2 1 5.14 2 1 3.05
2 2 8.42 2 2 [6.71
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Skin-effect Charts and Formulas

By J. R. WHINNERY
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Fig. 1.~=Skin-effect quantities to b; used in the following curves.

ALTHOUGH skin-effect phenomena are
well known, there have recently been
many requests for design curves and
formulas convenient for engineering use.
A compilation of these formulas and
curves is given here. The theoretical
analysis is not included since it appears
in many other references.* The curves
for coated conductors are of special
interest in modern u-h-f applications.
The cases treated are as follows:

1. Plane solid of infinite depth.

2. Round wire at low frequencies.

3. Round wire at very high frequencies.

4. Round wire at any frequency.

5. Tubular conductors at very low
frequency.

6. Tubular conductors at very high
frequency.

7. Thin-walled tubular conductors at
any frequency.

8. Conductors coated with other con-
ductors.

9. Conductors coated with thin layer of
poor conductors or imperfect dielectric.

* 8ee for instance A. Hunp, “Phenomena in
High-frequency Systems,” McGraw-Hill Book Com-
pany, Inc., New York.

In all the following results, it has been
assumed that all conductors (except the
imperfect dielectric in the last section) are
good enough conductors so that displace-
ment currents in them are unimportant
compared with conduction currents. It
has been assumed that current does not
vary along the conductor in a distance
comparable to depth of penetration into
the conductor. Both of these are excel-
lent approximations for all but very poor
conductors (such as earth) at any radio
frequency. It is also assumed that there
are no other conducting paths close
enough to seriously disturb the current
distributions caleulated. This assump-
tion is not good, for instance, for the
wire in a closely wound coil. Other
assumptions are listed in specific sections.

Units and Nomenclature
f = frequency, cyeles
w = 2mf

d /
condau ‘l\/l‘ 1 th()s Ci
¢ Y Ohm cm

i

v
4 = permeability on the basis of unity

permeability for nonmagnetic
materials

€ =

r

dielectric constant on basis of
unity for air or space

depth of penetration, cm. For a
plane solid of infinite depth, this
is the depth to which current
density has fallen to 1/e (about
37 per cent) of its value at the
surface; it is also the thickness
of a plane conductor having d-c
resistance equal to the h-f resist-
ance of the plane conductor of
infinite depth

skin effect resistance in ohms, the
resistance for a unit width and
unit length of the plane solid of
infinite depth

= d-c resistance of any conductor
T, =

radius of a solid round wire, or
outer radius of a hollow tubular
conductor, em

inner radius of a hollow tubular
conductor, cm

wall thickness of tubular conduc-
tor or coating thickness for
coated conductor

V-1



X\ = wavelength, measured in the
dielectric coating = 3 X 101/
f Ve em

L; = internal inductance of any con-
ductor, or contribution to induct-
ance of a circuit from flux inside
the conductor

(L;), = internal inductance of a conduec-

tor at very low frequencies

Working Formulas

1. Plane Solid of Infinite Depth.—
Practically, this merely means any con-
ductor whose depth and surface curva-
tures are large compared with depth of
penetration into that conductor.

1
= ———— CIn
27 V/fus X 107

—9
Ro=t —ae \BEX1T e ()
od o

) 1)

Internal reactance (wL;) = R, = 1/04
ohms.

R, and wL,; are exactly equal numeri-
cally for the plane solid of infinite depth
at infinite frequency and for conductors of
any size or shape at infinite frequency.
This is approximately true for the other
cases given below.

TRANSMISSION LINES 339
4.0
/
30 -
}__r‘ R d Fig. 2.—Solid round wire. Skin
Ro ™y g L effect quantities compared to d-c¢
20 ,< values. R = true resistance of
AT \“;Li L L round wire. R, = d-c resistance
/ o of round wire, L; = internal in-
1.0 /< 1 IL'l ductance. (L), = intemal  in-
Q/(Li)o ductance at very low frequencies.
P
0
0 i 2 3 4 5 6 7
T,
8—0 Ratio of Radius to Depth of Penetration

The equation for resistance, including
the first correction term that appears as
the frequency increases, is

Res = R [1 S (%)'] 5)

é is given by Eq. (1) or Fig. 1.

This formula is good within 7 per cent
if r,/86 < 2 (ie., if radius is less than
twice the depth of penetration). The
dividing line between low and high
frequencies in this and following equations

Representative Values at 20°C

Conduetivity, Depth of Skin effect resist-

penetra-

mhos/em . ance, ohms
tion, em
(”) (5) (RS)

SHVer. ..o 6.17 X 105 6\;21; 252 X 107 /J
COPPET. + e ] 5.80 X 109 %‘67? 2.61 X 1077 \/F
Pure aluminum.. ... ... . ... .. ... . 3.72 X 108 8\—;? 3.26 X 1077 /f
Brass.. ... ... 1.57 X 105 1\27% 5.01 X 1077 \/F
Solder............................. | 0.665 X 10° 1\9/}’ 7.70 X 1077 /f

Curves of 8 and R, as functions of
frequency are given for these materials
in Fig. 1.

2. Round Wire at Low Frequencies.—At
frequencies low enough so that skin
effect has not appreciably changed current

. from a uniform distribution, resistance
and internal inductance are practically
those calculated for d-c conditions. Note
that resistance is inversely proportional
to area, or square of radius.

1
R, = g ohms/cm length 3)

(wLo)o = % X 107 ohms/em length  (4)

depends upon conductor size, conduec-
tivity, and permeability. The criterion
is the ratio r,/8.

3. Round Wireat Very High Frequencies.
At high frequencies, penetration into
the conductor is slight, curvature of the
surface is unimportant, and the round
wire acts practically as a plane solid of
great depth and width equal to circum-
ference of the wire. Note that resistance
is now inversely proportional to circum-
ference, or first power of radius.

Bas = Ly = g ()

271y

R, is given by Eq. (2) or Fig. 1.

4. Round Wire at Any Frequency.—
Resistance and internal reactance in
general may be best expressed in terms
of ratios. Below are ratios to d-c
resistance, and to the values of resistance
and reactance calculated from the h-f
formula of Eq. (6). There is also given
the ratio of internal inductance to that
at very low frequencies.

Ry _ g [ber g bei’ ¢ — bei ¢ ber’ q] e

i

R, 2 (ber’ ¢)2 + (bei’ ¢)

wlhi ¢ [berqber’ q -+ bei gbei’ q] ®

R, 2L (ber’ ¢) + (bei’ ¢)*

Rus _ /3 MMWQ_W]
Ry = V2 [ Mer’ ¢ + (e’ g7 |
(wlo) _ ber g ber’ g + beigbei'q
o = V2Pl g (e g 40
L: 4 [berqber’q + bei g bei’ q] (11)
(Li)s ¢ (ber’ q)* + (bei’ ¢)2

¢= \/6 "2 [5 given by Eq. (1) or Fig. 1]

In the above formulas, ber ¢, bei g,
etc., are Bessel functions tabulated
widely in references, and the prime
mark indicates the first derivative.*

Equations (7) to (11) are more exact
than Eqgs. (3) to (6) and are plotted in
Tigs. 2and 3. Egs. (3) to (6) are approxi-
mate only, and the errors from using them
are as follows:

Resistance from h-f Eq. (6)
Error < 10 per cent if% > 5.5

Error < 35 per cent if % > 10
Reactance from h-f Eq. (6)
Error < 10 per cent if % > 2.2

Error < 5 per cent if % > 2.8
Resistance from I-f Eq. (3)
Error < 10 per cent if%2 <15

* See, for instance, Dwight, ‘‘Tables of Integrals
and Other Mathematical Data,” or MecLachlan,
‘“Bessel Functions for Engineers.”
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Fig. 4. —Tubular conductor, Skin-effect quantities compared to d-c
values. R = resistance of tubular conductor. R, = d-c resistance
of tubular conductor. L; = internal inductance.
30
40 N
B B
- 25 "4
35 26 /
| -
t 15F
3.0 C R /
- - RO\\
B 10
T : w Ll
. i Sy /
25 - ° bd
L 05 N /
L \ ol Ll .
20 [o] 0.5 10 1.5 2.0 25 30
. d
~ 5 Ratio of Wall Thickness o Depth of Penetration
[ .
5 ]
B \ o
B /R
e \d—
10
R
t L wli_ (wli)
Ry (@L)IhT
Q5
=
0
0 2 4 6 8 10 12 4
:-;9 Ratio of Radius o Depth of Penetration

Fig. 3.—Solid round wire.
from high-frequency formulas.
o = frequency X 2r.

Li =

Error < 5 per cent if %" < 1.2
Reactance from I-f Eq. (4)
Error < 10 per cent if%7 < 1.9

Error < 5 per cent if %3 <15

5. Tubular Conductors at Very Low
Frequency; d/8 < 34. 1. Voltage applied
at outer radius (as for inner conductor of a
coaxial line)

1

T wo(re? — i)

ohms/ecm length (12)

o

Skin-effect resistance and reactance compared to values calculated
internal inductance.
Ri; = resistance calculated from high-frequency formulas.

R = actual resistance of round wire.

=9 4 _ .4
@, = ZJAT [

(rs — r?) 3

— r2(ro? — 7:%) + it log. (:—:’)] henrys/em

(13)

2. Voltage applied at inner radius (as
for outer conductor of a coaxial line)

1

R, = o ) ohms/em  (14)
N 2 X 107% [rt —rt
L) = (ro? — r:3)2 [ 4
— 1%(ro? — ri?) + r.t log. (?)] henrys/em
(15)

6. Tubular Conductors at Very High
Frequency; d/é > 2. 1. Voltage applied
at outer radius

R,
Ry = (wLlins = T (16)
2. Voltage applied at inner radius
R,
By = (wliws = 5 = an

7. Thin-walled Tubular Conductor ot
Any Frequency.—It is assumed only that
the wall thickness is small compared with
the radius of the tube (say less than 1£).
Values are given again as ratios to d-¢
resistance calculated from Eqs. (12) and
(14), or h-f resistance calculated from
Eqgs. (16) and (17).

[ sinh (—25(—1) + sin (%d) 1

R _d
R, ” & | cosh (?g) — cos (%d)_ o
i (29) _ an (29 ]
(%L:) =g(smh(a) sm(s) (19)

_cosh (%d) — cos (ZTd)J
R _ [ sinh (%d) + sin (%d) 1 20)

Ruy 2d 2d
_COSh (*5—) — CO8 (—5—) )
[ . 2d . {24\ 7]
I sinh (? — sin { -
Baei BN (21
Ri-s

] cosh (2%1) — cos (»27?)_
d is wall thickness. 6 is given by Eq. (1)
or Fig. 1.

These ratios are plotted as curves in
Figs. 4 and 5, as functions of d/8. The
error in using the high-frequency Egs.
(18) or (17) is less than 5 per cent if wall
thickness is more than two times the
depth of penetration.

8. Conductors Coated with Other Con-
ductors—It is assumed that the coated
material (but not necessarily the coating)
is thick compared with depth of pene-
tration init, and that the coating thickness
is small compared with any curvature of
the surface. Results are given as ratios
of resistance and reactance of the com-
posite conductor to that of a similar
conductor made entirely of the material
of the coating.

(R + jwLs)
1

B =1+

RsZ
., cosh v.d

cosh yid + %{sinh 7d
s8I

I s
A Vﬂ and v;
B102

R\ is the resistance if the coating were of
infinite depth.
1 is given by Eq. (1) or Fig. 1.

sinh v:d +

X (22)

RsZ

where B =

_ @+
o1
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q

8
Fig. 5.—Thin-walled tubular conductor. Skin-effect
resistance and internal reactance compared to values

7 calculated from high-frequency formulas. R = actual
resistance of conductor. R;_; = resistance calculated
from high-frequency formulas. L; = internal inductance.

6

L

1% wl}

3

is equal to or greater than the depth of
penetration &, for the material of the
coating [obtained from Eq. (1) or Fig. 1],
the composite conductor is nearly as good,
or as bad, as though the conductor were
made entirely of the coating material.

Note on the curves that in the neighbor-
hood of d/& = 1.5, the silver-coated brass
conductor has slightly lower resistance
than a solid silver conductor, copper-
coated iron has lower resistance than
solid copper, and solder-coated copper has
greater resistance than solid solder.
This effect arises from the redistribution
of current in the coating because of the
presence of the base material.

9. Conductor Coated with Thin Layer
of Poor Conductor or Imperfect Dielectric.—
Equation (22) is applicable until the
conducting coating becomes so poor that
displacement currents in the conductor
are appreciable compared with conduction
currents. [That is, we;/ (367 X 1010,) is
comparable to unity.] Then, writing
impedance as a ratio to the resistance if
the conductor had no coating at all

R+ j(wls) [gsinh z + (1 + 5) cosh :c}
R, - gcoshz + (1 + 7)sinhz

= (23)
0 [ L1l 11 L1 _pfl B T S it i1 Ll g i 120+
o, 05 10 15 2 25 10 where g =
3 Ratio of Wall Thickness to Depth of Penetration R.VT1 —jp
2 =i NT =
Curves are plotted in Figs. 6, 7, and 8 spond approximately to silver coating on o1 X 36x X 101
. . . . . 1
as functions of the ratio of coating thick- brass,solder coating on copper, and copper i —
ness to depth of penetration, for values of coating on iron or Fernmico. It is seen = power factor of coating provided p
R.o/R. = 1.6, 0.34, and 5. These corre- that in all cases when coating thickness < < unity
20 13
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Fig. 6.—Skin-effect quantities for coated conduc

comesponding approximately to silver on brass.

2 o

tors. \/&ﬂ = 1.6 Fig. 7.—Skin-effect quantities for coated conductors. 298 . 0.34
H10O3 H102

= permeability. corresponding approximately to solder on copper. u = permeability.

¢ = conductivity. Resistance and reactance are given as ratios to those
of a solid conductor of the coating material.

¢ = conductivity.
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5.0
. » e MHa201
Fig. 8.—Skin-effect quantities for coated conductors. / =5,
4.0 \#102
corresponding approximately to copper on iron or Femico. u =
permeability. ¢ = conductivity. Resistance and reactance are given
as ratios to those of a solid conductor of the coating material.
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R,, given by R, in Eq. (2) or Fig. 1.
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>
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wavelength in the coating =

X, = free space wavelength
coating thickness

a
I

All quantities are complex, so that
caleulations using Eq. (23) are not simple.
Usually the coating is a small part of a
wavelength in thickness. Then, if p
is not large, the first-order correction
terms found from an expansion of Eq.
(23) are

R _ ., dR. [e

B 150 Vi (24)
oLi oy 240°d | [i

R, — 1 ARsq € (25)

It is of interest to find that the first-
order corrections are independent of
conductivity of the coating. For any
practical cases (d/N small and R,: less
than one, as shown by Fig. 1), the
correction to resistance is always small,
but the correction to internal reactance
may be very large since the coating may
be much thicker than depth of pene-
tration in the coated conductor, and so
may contain much more magnetic flux
than the coated conductor.

The unimportance of conductivity
of the coating comes about since under
the above assumptions the coating is not
thick compared with é for the material of
the coating (which is large since con-

ductivity is poor), and so most of the
current is confined to the coated material.
It is then the coated material, not the
coating, that is important in determining
the power loss, or resistance component.

If coating is comparable to & for the
coating material, Eq. (23) should be used
completely. If coating is thick and
comparable to wavelength, the problem is
usually one of wave matching and should
be treated somewhat differently.

In Fig. 9 are plotted curves of B/R,
and wli/R; as functions of d/\ for
¢ =4, uy =1, and R,» = 0.0015 ohms
and 0.015 ohms, corresponding approxi-
mately to a thin dielectrie or semiconduct-
ing coating on copper at 30 and 3,000
Me, respectively.
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R 81 1S% / 36,000
Y HSHAH
-5 S / 32,000
AL 515 8 A
o & =~ 8
PSS Y 28,000
B
ST TTY 24,000
it Lt S)‘
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é, Ratio of Coating Thickness
to Wavelength in Coating Material

Fig. 9.—Skin-effect quantities for conductor

with a coating of dielectric or poor conductor.

Rz = resistance (also internal reactance) if coat-

ing were not present. wl; = intemal reactance

of coated conductor. R = resistance of coated

conductor. Dielectric constant of coating
material equal to four.
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R-f Resistance of Copper Wire

THE chart shown here, prepared during
an investigation of h-f measurements
with the thermoammeter, covers the
frequency range from 500 ke to 100 Me.
The resistance ratios indicate the well-
known fact that the resistance of copper
wire (or any other conductor) increases
greatly over its d-c value when it is
carrying h-f current. The curves may
be extended to higher frequencies and
larger wire sizes through the use of the
following equation, which applies, how-

By JOHN H. MILLER

ever, only when the resistance ratio is
greater than §8:

B¢
RdAc

= 0.25 + 0.0962d \/F

where d is the diameter of the wire in
inches, and f is the frequency in cycles.
The ratio (in the chart and when calcu-
lated by the formula) applies for copper
wire only, at room temperature.*

It is of interest to note that No. 10
copper wire, which is very closely 0.1 in.

fnopper Wire" Sizes

in diameter, has a d-c resistance of 1
ohm per thousand feet, a resistance at
100 Mc of one hundred times its d-c
resistance. Other ratios may be ob-
served from the chart which may give a
better picture of the actual resistance
encountered at radio frequencies.

* The data for the curves are taken from August
Hund, ‘“High-frequency Measurements,’”’ p, 264, Mec-
Graw-Hill Book Company, Inc., New York; and also
Radio Instruments and Measurements, Nat. Bur.
Standards Cire. 74.
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SECTION XXV
TUBES

Tube Filament and Heater Characteristics
Secondary Electron Radiation
Open-grid Tubes in Low-level Amplifiers................
28-volt Operation of Receiving Tubes.. .. .. ...........

Tube Filament and Heater Characteristics

By CECIL E. HALLER

Mathematical analysis of volt-ampere characteristics of various filament metals.

Result-

ing equations are plotted as a reference chart that gives filament current, temperature,
and wattage for any electron tube at various operating voltages with good accuracy

FREQUENTLY in the design and appli-
cation of electron tubes, it is necessary
to predict the value of filament current
and possibly also the filament temperature
when the applied filament voltage devi-
ates from the normal or rated value.
Such an instance occurs when two or more
filaments having different volt-ampere
characteristics are operated in series and
it is required to prediet the voltage
variation across each individual filament
with respect to the supply voltage varia-
tion. The solution of this problem
requires a knowledge of the volt-ampere
characteristic of each filament. The
voltage across each filament can then be
determined for any arbitrary assumed
current value. If appropriate current
values are chosen, a curve of each indi-
vidual tube voltage vs. the supply voltage
can be constructed.

A knowledge of the individual volt-
ampere characteristics over the required
range may not be readily available
unless it has previously been experi-
mentally determined. It is the purpose
here to indicate a method of constructing
the volt-ampere characteristic if the
current is known for at least one operating
voltage. The knowledge of this point
enables the current to be predicted at a
new operating voltage with good accuracy
provided that the change in voltage is
within approximately +25 per cent of the

known voltage. The same analysis will
also permit the determination of the value
of watts and temperature in terms of the
known operating condition.

Basic Filament Equations

In order to illustrate the method of
transposing the operating condition of a
filament, the two basic equations involved
in the design of filaments and heaters for
electron tubes will be considered.

The first equation is

W = KT (1)

where W = power radiated, watts

K, = constant of proportionality,
which includes the area of the
emitter

T = temperature, °K

n, = an exponent that is reasonably
constant for a given metal over
a limited range of temperature

The second equation is

E2
W =% = IR @)

where E = applied filament voltage
R = resistance of the filament, which
is in general a function of tem-
perature
I = filament current

In order to solve Egs. (1) and (2), let

R = KzT'* (3)
344

where K, = a constant of proportionality
n, = an exponent which may be re-
garded constant over a limited
temperature range

Solutions of Egs. (1), (2), and (3) for
W, I, and T in terms of E yield!
2nw_ 2nw

W = Ki(K K)ot (Eymetn (4)

Am— Ny

—nr 2
—(ENTT(_L ook (pymein
I = E) (Kle)n n (E)ﬂ n

)
2

2
T = (Klle)nw-f-nr(E)n.,-i—nr (6)

Thus, when using W, I,, T, E, and
W, I., T., E, as the known and unknown
conditions, respectively, Egs. (4), (5),
and (6) may be written

2nw

W. (E\-2=

- * —EYnwtn,

W, Eo) " ™
I E Nw—TNr

- ZZ Ynwtnr

=+ () ®)

2

T, [(E\——

% — [ ZZ)nutnr

== (5)~* ©)

Use of Average Values for Exponents

Values for n., have been determined for
some of the more common metals, and
are given in Table I. The exponent %,
includes the change of total emissivity
with temperature. Since the total emissi-
vity of metals increases with tempera-
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Fig. 1.—Chart giving wattage, current, and temperature of a filament or heater at operating voltages up to 25 per cent above or below basic voltage with
sufficient accuracy for most engineering purposes. Accuracy drops in dotted regions.
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Table .—Values of Exponents for Four Filament Metals
B 2 n. 2
0 o . Ny — r

Material Temp., °K N N, b _’_w | e T | e+
Tungstent............... 1000 5.65 1.20 1.65 0.650 0.292
Tungstenl. .............. 2000 4.93 1.19 1.61 0.612 0.327
Tungsten!............... 2500 4.66 1.20 1.59 0.590 0.341
Molybdenum?. ... ....... 1000 5.32 1.15 1.64 0.645 0.309
Molybdenums........... 2000 4.99 1.15 1.63 0.625 0.326
Tantalums.. ........... 1600 4.80 0.785 1.72 0.720 0.358
Tantalums. . ... ... ... 2800 4.80 0.785 1.72 0.720 0.358
Nickel.................. 1000 4.65¢% 0.62t 1.76 0.764 0.379

* Values by different investigators range from 4.65 to 5.29.

T Estimated from experimental data on nickel.

ture,? the Stefan-Boltzmann law of
radiation requires that =, be greater
than 4. For materials having an emis-
sivity independent of temperature, the
value will be 4. The value of =, for
some metals at different temperatures is
also given in Table I. These limited
data indicate n, ranges from 0.6 to 1.2,

If Wi and W, the watts radiated at

temperatures 7'y and T, are known, then .

e = log (W./W5)
v log (T/T»)

In a like manner, if B, and R: are the
resistances at temperatures 7'y and T,
then
ny = log (Rl/Rz)
7 log (T1/T%)

These permit an experimental check of the
values of n, and 7. if two sets of operating
conditions are known.

Table I also gives the value of (7, —
ne)/(ny + n.). It will be noted that it
ranges from 0.59 to 0.76. It is now of
interest to see what error results in using
an average value of this exponent in Eq.
(8). A voltage ratio E./E, of 1.25 will
be taken as the maximum voltage for
which Eq. (8) is to be used. If the
exponents 0.59 and then 0.76 are used,
the respective values of current ratio
I./Iy are 1.140 and 1.185, or a deviation
of only 1.9 per cent from the mean
value.

Plotting the Chart

It is evident therefore that an average
exponent can be chosen which applies to
all the metals in Table I and in general

I, AL
() -G

is true to sufficient accuracy for most
engineering purposes. This equation has
been drawn as the current curve for the
chart in Fig. 1.

- E,
0.75 < (E) <125
(10)

It can further be shown that the
accuracy involved in assuming 2nr./
(Nw + n,) = 1.61 and 2/(n, + n,) =
0.327 is even greater than for the case
just discussed. Then

W. E\81
Wo = E) (1)
T, E,\ 0327
T, = F) (12)

These equations are plotted in Fig. 1.

In order to check Eq. (8) and Fig. 1,
data were taken for a wide variety of
electron tubes. It will be noted from
Fig. 1 and Table II that the calculated
values of current deviate, in general, by
less than +4 per cent from the measured
values. We can conclude from this that
Fig. 1 is generally applicable to all types
of electron tubes for the specified range
of (E./Eo)5. Some samples of the use of
this curve will now be given.

Ezample 1.—The type RCA-826 has a
thoriated-tungsten filament rated at 7.5
volts and 4 amp. What will be the
filament current at 5.62 volts (75 per cent
of rated voltage)? Tracing up from 75
on the horizontal scale in Fig. 1 to the
current cyrve, and then across, gives 83.8
per cent. The new filament curve is then
0.838 X 4 = 3.35 amp. By actual meas-
urement, the current was found to be 3.34
amp. While no temperature measure-~
ments were made at this voltage, one
would expect the temperature to decrease
to 91 per cent of its rated value in degrees
Kelvin.

2. An oxide-coated cathode has a
temperature of 1000°K when the heater
is operated at 5 volts. What voltage
will be required to increase the tempera-
ture to 1060°K? From Fig. 1, when
T./Ty = 106, one finds E./E, = 1.19 or
E;, =5 X 1.19 = 595 volts. The heater
voltage was found to be 6.0 volts when
determined experimentally. If the volt-
age had been increased to 7 volts, then
E./Ey =14 and T./Ty = 1.1180or T, =

1118°K. Actual measurements indicated
the temperature to be 1135°K.

Two Filaments in Series

In order to examine the operation of
filaments or heaters in series, let two
tubes 7'y and 7’», having the same nominal
voltage rating, be connected in series to a
power supply E, (see Fig. 2). In general,
the filaments of tubes 7T; and 7. may
have different volt-ampere characteristics.
Such differences may be due to the indi-
vidual variation of filament current
when read at a specified or rated voltage.
These variations of filament currents,
which are expected and normal, result
from the necessary manufacturing toler-
ances on both materials and processes.

The usual filament-current tolerance on
receiving and the smaller transmitting
tubes, whose filaments or heaters might be
operated in series, is generally of the order
of 5 to 10 per cent. In order to ensure
satisfactory  operation initially and
throughout the expected life of the
tube, the tube manufacturer usually
specifies the percentage the applied
filament voltage may be allowed to
deviate from normal. This voltage devi-
ation is usually of the order of +5 per cent
for the thoriated-tungsten type emitters
and +10 per cent for the oxide-coated
filament or heater-cathode types. It
becomes apparent that for series operation
of the filament or heaters the supply-
voltage variation needs careful consider-
ation in order to ensure that the individual
filament-voltage tolerances are not ex-
ceeded on either T or T.

If T4 and T'; are both high or both low
filament-current tubes, no problem exists
since the volt-ampere characteristics are
substantially identical (i.e., they have the
same currents for the same applied
voltage). Only the combination needs
to be considered, where one has the
higher limit value and the other hag the
lower limit value of filament current.

Determining Permissible Filament Voltage

Variations

As a specific problem, assume the
filament-current tolerance to be +5 per
cent and let it be required to determine
the permissible variation of supply voltage
without exceeding an individual tube
voltage range of +10 per cent.. . This
problem frequently arises in the design of
mobile transmitters when the filament
or heaters are operated in series.

The bogie or normal volt-ampere
characteristic BKE of Fig. 2 may then be
constructed from Eq. (10). For T,
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the 5 per cent high filament-current tube,
the equation of the volt-ampere charac-
teristic is

I - (B0 '
= 1.05 (Eo) (13)

Curve AJD can be constructed from this
equation.

Similarly for 7T, the low filament-
current, tube, the equation is

I. a A
7, = 0.95 (E) (14)

which is represented by the curve CLF in
Fig. 2.

An arbitrary current may then be
assumed in order to determine the
individual voltage across tubes T; and
T.. The supply voltage is represented
by the sum of the voltages across T
and T, If T, (the high filament-current
tube) has the minimum permissible
voltage 0.9 E, represented by point 4,
tube T (the low filament-current tube)
will have a voltage represented by point
0. The sum of the two voltages at
points A and O represents the minimum
permissible supply voltage consistent
with the previcus imposed condition of
+5 per cent filament-current tolerance

Table [l.—Mecasured and Calculated Data on Typical Tube Samples

Rate voltage Reduced voltage Increased voltage
Tvoe Filament | Type
yp or of I caleu- . I ;2 caleu- .
number | peater |emitter| g Lo B L1 lated from| % Sl g Fe2  lated from| 7o differ-
observed observed Fi ence observed . ence
ig. 1 Fig. 1

203A Filament | Th-W 10.0 3.28 7.5 2.72 2.74 +0.7 12.5 3.70 3.76 +1.6
801A Filament | Th-W 7.5 1.22 5.62 1.05 1.02 —-0.3 9.38 1.42 1.40 —1.4
807 Cathode | Oxide 6.3 0.87 4.72 0.74 0.73 —1.4 7.88 0.99 1.00 +1.0
813 Filament | Th-W 10.0 5.00 7.50 4.12 4.18 +1.5 12.5 5.80 5.72 —1.4
815 Cathode | Oxide 6.3 1.65 4.72 1.39 1.37 —1.4 7.88 1.88 1.89 +0.5
826 Filament | Th-W 7.5 4.00 5.62 3.35 3.34 —-0.3 9.38 4.55 4.58 +0.7
833A Filament | Th-W 10.0 10.10 7.5 8.50 8.44 —0.7 12.50 11.60 11.56 —0.3
836 Cathode | Oxide 2.5 5.05 1.88 4.22 4.25 +0.7 3.13 5.75 5.78 +0.5
861 Filament | Th-W 11.0 10.05 8.25 8.30 8.40 +0.1 13.75 11.50 11.50 0
866 Filament | Oxide 2.5 5.00 1.87 4.03 4.18 +3.7 3.13 5.80 5.72 —1.4
913 Cathode | Oxide 6.3 0.600 4.72 0.504 0.502 —0.4 7.88 0.685 0.687 +0.3
1616 Filament | Oxide 2.5 4.90 1.87 3.97 4.10 +3.3 3.13 5.73 5.61 —2.1
1624 Filament | Oxide 2.5 1.83 1.87 1.47 1.53 +4.1 3.13 2.12 2.09 —1.4
2050 Cathode | Oxide 6.3 0.575 4.72 0.489 0.481 —1.6 7.88 0.657 0.657 0
2051 Cathode | Oxide 6.3 0.605 4.72 0.515 0.506 —1.8 7.88 0.688 0.693 +0.6
8025 Filament | Th-W 6.3 1.94 4.72 1.65 1.61 —2.4 7.88 2.19 2.22 +1.4
9001 Cathode | Oxide 6.3 0.157 4.72 0.135 1.31 -3.0 7.88 0.177 0.179 +1.1
1T4 Filament [ Oxide 1.4 0.0525 1.05 0.043 0.044 +2.3 1.75 0.0613 0.0600 —2.2
6SK7 Cathode | Oxide 6.3 0.310 4.72 2.61 2.59 —-0.8 7.88 0.352 0.355 +0.9
6SS7 Cathode | Oxide 6.3 0.150 4.72 0.129 1.25 —-3.1 7.88 0.170 0.172 +1.2
12A6 Cathode | Oxide 12.6 0.156 9.45 0.134 1.30 -3.0 15.75 0.177 0.178 +0.6
2AP1 Cathode | Oxide 6.3 0.595 4.72 0.508 0.498 —2.0 7.88 0.668 0.680 +1.7
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and +10 per cent individual voltage
tolerance,

In a similar manner the maximum
voltage 1.1 E, that can be applied to
T, the low filament-current tube, is
represented by point F', and the voltage on
T\, the high filament-current tube, b
point G. The sum of the voltages at
points G and F gives the maximum
permissible supply voltage. The nominal
supply voltage is twice the nominal tube
voltage or 2E, since it was assumed that
the nominal voltage ratings of T, and
T, were identical. The maximum per-
missible percentage of supply voltage
deviation may then be calculated directly
from the graphical analysis. This solu-
tion indicates supply voltage tolerance
of 1.7 per cent and —2.0 per cent.

It is interesting to note that the distance
A to P represents the maximum per-
missible range of supply current. This
suggests that if the supply voltage cannot
be maintained within the required limits,
a series ballast tube, whose current is
maintained within the range A to P,
might be used to permit a larger variation
in the supply voltage. The use of the
ballast tube would of course require an
increased supply voltage in order to supply
the required voltage drop of the ballast
tube.

An alternative solution to permit wider
supply-voltage tolerances consists in
shunting the low filament-current tube
with a resistor. This resistor is adjusted
until both tubes have substantially the
same filament voltage. This method is
essentially one of shifting the operating
point on the volt-ampere characteristic of
the low filament-current tube and resistor
until at normal supply voltage it coincides
with that of the high filament-current
tube. This method does not, however,
make the volt-ampere characteristics
identical and, therefore, never can permit
a percentage supply-voltage change equal
to the permitted percentage of individual
filament voltages. In order to simplify
adjustments, adjustable resistors are fre-
quently used across both filaments.

Generalized Solution for Tubes in Series

The method of the solution of two
tubes in series may be generalized for
N g tubes having high filament currents
in series with Np tubes having low
filament currents, as shown in Fig. 3.

Let m = percentage filament-current toler-
ance
p = permissible percentage tolerance
of individual applied voltage
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Fig. 3.—Generalized solution for any number of
filament

The volt-ampere characteristic of a
limit tube is expressed by

7) - () ()
(10 = \" 100 E,

But since E./E, for the limiting condition
of maximum voltage on a low filament-
current tube is equal to (100 4+ p)/100,

Eq. (15) may be rewritten for a low
filament-current tube as

£f '_ 100+p)0.61 (1 )
(Io)max h ( 100 100 (16)

where I./1, is the maximum permissible
supply current when at least one each of
limit values of high and low filament-
current tubes are operated in series.
Similarly, the minimum permissible cur-
rent is given by

I. _ (100 — p\ 5t /100 +m
(E)m“( 100 ( 100 ) an

Equations (14) and (15) form the basis for
caleulating the current requirements im-
posed on a series ballast tube should one
be used.

The values of current given in Eqgs.
(16) and (17), when substituted in the
appropriate equations for the volt- ampere
characteristics, give the voltage at points
G and O, respectively, as

Ez)_
)

(15)

1.64

100 — m 18)

100 +m

100 + p)
100

tubes in series, some having high and some lew
current.

and

() - (%) (822" oo

The value of (E./E.) given in Eq. (18)
represents the voltage across a high
filament-current tube at the maximum
permissible supply voltage, while the
value given in Eq. (19) represents the
voltage across a low filament-current tube
at the minimum permissible supply
voltage. The sum of Ny voltages given
in Eq. (18) +N7 voltages of the value
(100 + p)/100 gives the maximum supply
voltage or

E. _ 100 + p

(Eo)max = N”[ 100 )
100 — m\ 154 . /100 + p ,
100 + m ] + ¥\ 100 ) (20)

In a like manner, the minimum supply
voltage is

(5),.. - [(7)
Eo)win =~ " 100

100 + m 1.64 . 100 —p

100 —m ] + V{00 ) @

The percentage of supply voltage tolerance
becomes

% E, above normal =
100 — m w]
100 + m

v [ (90 2)
Nu + N~
+ N

g }00+p)
‘\ 100 /) _ 1100 (22)




% E, below normal =

(%) (322

Ng + Ny

e (Br?) }100 o

Equations (22) and (23) were derived on
the premise that at least one tube of the
group had a filament current (100 + m)/
100 times rated value and at least one
other had (100 — m)/100 times rated
value. This premise imposes the condi-
tion that both Nz and N must be
different from zero in Egs. (22) and (23).
If either Nz or N is zero, the solution is
simple as all possess the same volt-
ampere characteristic. The permissible
supply-voltage percentage deviation is p.

Avpplication to Universal Receivers

It is common practice in the design of
a-¢/d-¢c sets in which the filaments or
heaters are connected in series to use tubes
that have different values of rated fila-
ment voltage. The analysis of this condi-
tion can be reduced to an expression
similar to Egs. (22) and (23) except that
Ng and Nz must include the equivalent
number of respective tubes in terms of the
lowest nominal voltage tube. For ex-
ample, a 35-volt tube may be represented
by 5.55 tubes of 6.3 volts nominal rating.

Substitution in Eqgs. (22) and (23) of
the conditions of the previously discussed
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case of two tubes (Ngy = 1 and N, = 1)
with m = 5, p = 10, and (ne — n,/(n. +
n.) = 0.61 gives +1.8 per cent and —2.0
per cent for the supply voltage tolerance,
which is in good agreement with the
graphical solution.

An examination of the case of three
tubes in series where Ng = 2, Ny =1,
m =5, p = 10, and (n, — n,)/(Nw + 1)
= (.61 gives the tolerance on the supply
voltage as —1 per cent and —4.7 per
cent. In other words, the supply voltage
can never be permitted to rise to normal
without exceeding the maximum voltage
rating on the low filament-current tube.

Conclusions

The curves given in Fig. 1 enable the
transposition of heater or filament oper-
ating conditions within the usual desired
engineering accuracy for electron-tube
applications. These curves should not be
used when an accuracy within +3.5 per
cent for filament current is desired with a
+25 per cent change in filament voltage.
The percentage of error in all equations
converges to zero as the ratio of E./E,
approaches unity, or the smaller the
percentage change of voltage in the trans-
position, the smaller the degree of error.
A limited number of types of filaments
and heaters have been examined and
found to give good agreement with the
curves of Fig. 1. The accuracy of the
volt-ampere characteristic can be estab-
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lished by experimentally determining
(e — n.)/(nw + n,) for the particular
application. This determination may be
made from the relation ”

_ lOg (El/Ez)
~ log (I1/1)

Ny — Ty
Ny + Ny

where I;, E, and I., K, are currents and
voltages at known operating points.

Once the value of (n, — n,)/(nw + n,)
has been established over the probable
application range of voltage, the oper-
ating conditions of a group of filaments in
series may then be predicted for various
supply voltages. This permits the supply
voltage tolerance to be established so
that the applied filament voltage toler-
ance may not be exceeded.

The solutions given here represent the
steady-state conditions and do not indi-
cate what may happen during the initial
application of voltage or for short-time
voltage transients.
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Secondary Electron Radiation

By J. H. OWEN HARRIES

A thorough survey of existing American, British, and other information on the subject,
arranged for maximum usefulness to electronic engiheers engaged in designing electron
multipliers, dynatrons, beam tetrodes, pentodes, and other tubes in which secondary
electrons resulting from electron bombardment are either utilized or suppressed

WHEN an electron stream strikes an
electrode surface, or, indeed, any
surface, an emission of secondary electrons
is produced. There is no known sub-
stance in which this effect does not occur.
In fact, there is no substance that is
known to act as a perfect absorber of any
electrons that may impact onto it.

In electronic tubes, secondary radiation
is sometimes useful, and sometimes un-

desirable. The phenomenon is complex,
and information about it is scattered in
various treatises many of which are com-
monly read only by those interested in
pure physics. Most of these publications
deal with the characteristics of secondary
radiation, not from any interest in it for
engineering purposes, but as a part of
investigations into atomic structure.

This paper includes a survey of the

L ]
existing information on secondary radia-
tion and is presented from the engineering
standpoint. It includes references to
the original papers.

Energy Distribution of Secondary Electrons

In most treatises on secondary radi-
ation, the electron energies are expressed
in volts. The velociby » in centimeters
per second of an electron that has fallen
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Fig. 1.—Energy distribution of secondary elec-

trons produced by the impact of primary elec-

trons having a kinetic energy of 155 volts. The

general shape of this curve holds between 20 to
10,000 volts.

through an electrostatic potential of 1
volts isv = 5.95 X 104 /V. The kinetic
energy of the electron is lgme® and is,
therefore, proportional to the voltage V.

In many publications on electronic
engineering, as distinet from treatises on
the physics of secondary electrons, it is
sometimes stated that secondary electrons
are radiated almost entirely at energies
very low compared with the primary
impact energy. This is not so.

A typical curve of energy distribution
of secondary electrons is shown in Fig. 1.
In this graph the number of secondary
electrons radiated is plotted against the
velocity (energy) with which the secondary
electrons are shot out from a radiating sur-
face. These secondary electron energies
are plotted as a percentage of the primary
impact energy. The primary impact
energy is 155 volts. It will be observed
that an appreciable number of secondaries
are radiated at energies about equal to
the primary impact energy, although
there are a larger number radiated at
very low velocities. Very thorough re-
searches have been made during the last
two decades into this question of secondary
radiation energy distribution.-1°

Methods of Determining Energy-distribution
Curve

The general kind of energy distribution
of the secondary electrons shown in Fig. 1
appears to hold over quite a wide range of
primary impact velocities (20 to 10,000
volts).? It has been confirmed very
carefully for most of the pure metals, and
is known to hold in general for the other
materials employed in radio tubes.

This kind of secondary electron energy
distribution does not appear to depend

on the angle of incidence of the primary
beam onto the emitting surface, 1320 nor
does it appear to depend on the angle of
emergence of the secondary electrons,
though this point does not appear to have
been quite so conclusively demounstrated
by workers in this field.

In Fig. 2 an electron gun is arranged
to produce a beam of primary electrons at
a known velocity. The primary electrons
are arranged to collide with a surface
which then radiates secondary electrons.
Some of the secondary electrons can pass
through an aperture in a diaphragm into
a space in which there exists a homo-
geneous magnetic field in the direction
normal to the plane of the paper. Itisa
well-known property of such a magnetic
field that electrons traveling into it as
shown will tend to describe circles the
radii of which are given by

r=337VV.B m

where B is the magnetic flux density, and
V. is the secondary electron energy in
volts.

A photographic plate is positioned as
shown. The number of electrons of any
given velocity reaching the plate will be
indicated by blackening at the appropriate
place. This method, however, is not
very practicable, because the sensitivity
of a photographic plate is rather low.

A TFaraday cylinder, which has the
property of trapping electrons and the

Secondary electron path
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Secondary /7 \\}\"
electrons ! \

—l f——
Srea 7
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I
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electrons e fragm

/?aa’)bf/hg surface

Fig. 3.—Another method of armiving at the
velocity distribution of secondary electrons.
The magnetic field in this case is variable.

Fig. 3. By varying the magnetic field,
the number of secondary electrons of each
velocity may be found.

Another method, shown in Fig. 4,
does not use a magnetic field but, instead,
employs a retarding potential to sort out
the secondary electrons in terms of their
energies. The primary electrons hit a
secondary radiator at a known energy,
and secondary electrons pass through a
diaphragm into a Faraday cylinder. The
amount which are able to enter depends
on the potential of a retarding electrode
positioned as shown and on the initial
energies of the secondaries themselves.

The arrangement of Fig. 5 enables the
energies to be obtained for the secondary
electrons at all angles. The primary
electron beam strikes a radiating surface
which is at the center point of a collecting
sphere. A retarding potential is applied
to this sphere, and the number of electrons
reaching it is measured as a function of
this potential.

In the arrangements of Figs. 4 and 5,
the energy-distribution curve is obtained
by differentiation of the curve of current
to the Faraday cylinder or collection
sphere as a function of the retarding
potential.

Interpretation of Curve

The general results of all these methods
agree. The particular curve shown in

,~Sec. electrons

FPrimary.
electrons

y \
D/a,oﬁragm ~

N Raa’/'m‘/'n_q
Surface

{
Collector /
sphere =~ -

Fig. 5.—The retarding potential method of

arriving at the velocity distribution of secondary

electrons emitted and reflected from a radiating
surface.



Fig. 1 is given by Rudberg and is obtained
by the magnetic method.

It is generally agreed that the energy-
distribution curve of Fig. 1 may be
interpreted as follows: Peak A represents
that portion of the emergent electrons
which retains the full primary energy.
At secondary electron velocities between
about 98 and 50 per cent of the primary
velocity, the number of secondary elec-
trons radiated does not change much with
the secondary electron velocity. Large
quantities of secondary electrons are
emitted with low velocities, as indicated
by peak B, but the number emitted drops
rapidly as secondary velocity approaches
zero (at secondary energies of the order
of tenths of a volt and less).

Peak A of the curve is produced by
electrons that emerge after being elasti-
cally reflected. They result from diffrac-
tion unaccompanied by loss of energy to
the atoms that are being bombarded by
the primary electrons. All other parts
of the curve are produced by secondary
electrons that have been deflected by
repeated collision accompanied by con-
siderable energy loss.

Those secondaries contributing to parts
of the curve other than A are usually
referred to as emitted or true secondary
electrons. Those contributing to part A
of the curve are usually referred to as
reflected electrons. For this reason, the
phenomenon as a whole is usually referred
to as secondary radiation, and the words
emitted and reflected are reserved for the
special meanings set out.

Action of Low Impact Velocities

With primary impact velocities below
about 10 volts, it has been found that the
energy distribution of Fig. 1 does not
hold. The secondary radiation consists
almost entirely of reflected electrons that
retain the full primary energy, so that the
whole of the radiation is contained in a
peak like A on Fig. 1.

The percentage of emitted secondary
electrons to reflected secondary electrons
increases steadily up to primary velocities
of the order of 1,000 volts, after which it
falls once again. As previously men-
tioned, however, the general shape of Fig.
1 holds between about 20 and 10,000 volts.

Space Potential Considerations

It is important to realize that under
electrostatic conditions the velocity of
each of the secondary electrons at any
point in space will be determined by the
space potential V of that point. It
follows that an electron emitted at a
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Fig. 6.—Ratio of secondary electron current
traveling to a collector and the total secondary
radiation, plotted as a function of the retarding
potential between the radiator and the collector.

velocity which corresponds to a voltage
V. will be brought to rest at any point
in space where a negative space potential
—V numerically equals V,. This is the
principle by which secondary electrons
are sorted into their respective velocities
(or energies) by means of the retarding
electrode or collecting sphere of Figs. 4
and 5, respectively. A potential that is
arranged in this way to stop secondary
electrons is generally referred to as a
retarding potential.

Figure 6, which is obtained by inte-
gration of Fig. 1, shows the ratio of
secondary electron current to any collector
(such as the collector sphere in Fig. 3) to
the total secondary radiation current as a
function of the retarding potential. This
potential is expressed as a percentage of
the impact energy in volts.

In pentodes and beam tetrodes, the
prevention of the flow of secondary
electrons is one of the primary objects of
the tube design. With reference to Fig. 5,
it will be realized that if the collector
sphere is at a potential (with respect to
the cathode) which is 90 per cent of the
impact potential of the radiator (also
measured in volts with respect to the
cathode), then a retarding potential of
10 per cent will exist between the collector
sphere and the radiator. Figure 6 shows
that under this condition the secondary
radiation current flowing to the collector
electrode will be 54 per cent of the total
secondary radiation from the radiator.

All this, of course, assumes quasi-
steady-state conditions as regards voltage
(i.e., that the voltage does not vary rapidly
with time) and that no appreciable space
charge due to the primary or secondary
electrons exists in the space between the
emitter and the collector sphere. The
physics measurements quoted in this
paper are all made under static condi-
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tions, and care has been taken to avoid
space-charge effects, but these effects
must not be forgotten when applying the
information to practical radio tubes.

Table I.—Maximum Total Secondary Radiation

Coefficients
Max. | . Primary
value of m}pact ve
locity (volts)
Secondary emitter sec. at which
radia-
tion |Max. of' sec.
radiation
coeff.
coeff, occurs
Cestum  (compound
layer)............ 8.5 400-600
Rubidium (com-
pound layer).... .. 5.75 700
Beryllium........ ... 5.4 600
Caleium............| 4.95 520
Barium.............1 2.72 530
Potassium (com-
pound layer)...... 2.5 600
Aluminum......... .| 2.4 400
Silicon............. 1.63 380
Platinum......... .. 1.52 1,000
Silver.............. 1.47 800
Gold............... 1.45 780
Tungsten........... 1.33 625
Nickel.............. 1.3 500
Tantalum........... 1.3 625
Gopper............. 1.27 600
Iron............... 1.27 400
Molybdenum........ 1.27 375
Niobium............ 1.17 400
Carbon (lampblack). | 0.6-1

Such tubes when in operation are seldom
free from space-charge effects.

Some relationship exists between the
secondary energy distribution curve and
the material of the emitter. This has
been found by Sharman'® to be in agree-
ment with the atomic properties of the
material. At voltages of the order of
8,000 volts, however, Stehberger?! failed
to find any such connection. The answer
to this question is rather vague at present.

Angular Distribution of Secondary Radiation

The relative amount of secondary
radiation at various angles from a surface
may be determined by apparatus such as
that illustrated in Fig. 7. The Faraday
collector is rotatable with respect to the
radiating surface. The angle of incidence
of the primary electrons to the normal of
this surface is indicated by « and the angle
of secondary radiation by 8. The number
of secondary electrons per unit angle may
thus be determined.

Measurements of angular distribution
have been carried out by a number of
workers.?!-2>  While there is some experi-
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Fig. 7.—Use of an angularly adjustable collec-
tor to measure the secondary radiation coeffi-
cient of both reflected and emitted electrons as a
function of the angle of emission to the normal.

mental evidence®® of optical reflection of
the primary electrons (i.e., a = ), the
evidence of this effect is by no means
generally accepted. At present it seems
reasonable to assume a cosine distribution
of secondary radiation, as shown in Fig. §;
i.e., the intensity of the secondary radi-
ation varies as cos 3, and this distribution
is virtually independent of «. The maxi-
mum value of the secondary radiation
varies, however, with «. This effect is
discussed in greater detail later.

Total Secondary Radiation Coefficient

The arrangement of Fig. 5 may clearly
be used for measuring the total radiation
of secondary electrons if the collector
sphere is at a slightly higher potential
than the radiating surface. This meas-
urement is in fact a summation of the
curve of Fig. 1, and gives the ratio
between the total number of secondary
electrons and the total number of primary
electrons striking the emitter. This ratio
is generally referred to as the total second-
ary radiation coefficient. It must always
be remembered, when interpreting values
of this ratio, that in all cases a velocity
distribution must be assumed. In the
case of impact energies between about 10
volts up to the order of 10,000 volts, this
distribution would be that of Fig. 1.

In practical electronic devices, the
actual ratio of secondary electron current
to a given electrode near the emitter to
the primary electron current will depend
(among other things) on this velocity

distribution. Not all the secondary elec-
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Fig. 8.—Distribution of secondary electrons as a
function of the angle 8 of secondary radiation.
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trons necessarily contribute to the second-
ary electron current.

The total secondary radiation coeffi-
cient plotted against the primary electron
impact energy was one of the character-
istics to be investigated by the earliest
workers. 26-30

Secondary Radiation Coefficient of Pure Metals
and Carbon

Typical measurements of the total
secondary radiation coeflicient are shown
in Figs. 94 and B. These curves have
been confirmed by many investigators.
The curves rise to a maximum and then
fall as the primary impact velocity
increases still further. The maximum
value of coefficient obtained lies between
about 1.2 and 5.5 in the case of pure
metals. Its highest value is of the order
of 8 to 11 for compound surfaces of
caesium of the kinds used in secondary
electron multipliers and the like. Not
many substances have coefficients of less
than wunity. That for carbon varies
between 0.6 and 1.0.

Provided that the metal surfaces are
clean and are completely degassed, the
secondary radiation coefficient is found to
be about the same by many different
investigators.3!-3

Table I (from Kollath*) shows typical

values of the maximum secondary radi-
ation coefficient, and the values of primary
impact energy at which it occurs, for a
number of substances.

Secondary Radiation Coefficient of Evaporated
Layers

Copeland?®*3%4 has obtained interesting
results by evaporating various substances

6
f N\ A8ecyltion
S5 -
AT
& /"Ca/cium-" \
24 N
~N
3 N
] S
3
1=
= ~~ls-Barivm
k3 '\\
‘::',2 / e~ Aluminurm T
:E / Srlvert.y
% I
o ly—-Ga/a‘/
% 200 400 &0 800 1000 1200 MO0 1500 1800
Primary Impad “Energy in Volts
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onto a metal foundation. Evaporating
caesium onto gold increased the secondary
radiation coefficient of the combination
several times over that of gold alone.
He also investigated other combinations
of layers and foundations. The results
appear to be explainable in terms of the
degree of penetration of the primary
electrons through the surface layer, and
the varying absorption of the secondary
electrons by the different substances used.

Secondary Electron Coefficient of Composite
Surfaces

It was found?®® that composite materials
have a high secondary radiation coefli-
cient. For instance, evaporated deposits
of calcium onto gold, and lithium onto
tantalum, produce coefficients of the order
of 4 to 5. It was observed that calcium
and lithium belong to the alkaline-earth
group of metals. They have low work
functions and a high thermionic and
photoelectric emission. An investigation
of caesium—caesium-oxidesilver was a
natural step, and high secondary electron
coeflicients resulted. It was discovered,
however, that neither a low work function
nor a high photoelectric sensitivity is the
only factor concerned in producing a high
secondary electron coefficient. Typical
results for composite surfaces on silver
are shown in Fig. 10.

Table II is given by Weiss*? for various
values of the maximum secondary radia-
tion coefficient for caesium-caesium oxide
deposits on various metal foundations.

The processing of the layer produced is
of great importance. The deposit used
as the composite surface is probably of
the order of monoatomic thickness.

In detail, the production of secondary
electron emissive surfaces is, like the
production of coated thermionic cathodes,
largely an empirical process.
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Fig. 11.—Coefficient of total secondary radi-
ation from an insulator as a function of the angle
of incidence of the primary electrons. A
critical angle of incidence will be observed.

Table 1l.—Maximum Secondary Radiation
Coefficient for Caesium Layers on Various
Metal Foundations

Max. Primary impact
value of | energy (volts)
Metal sec. at which max.
radiation | of sec. radiation
coeff. coeff. occurs
Silver........ 8 -11 600
Magnesium...| 6.8-7.5 700
Tantalum....| 4.1-5.5 600
Zinc......... 4.5-5.4 600
Nickel........ 4.6-5.2 550
Aluminum....| 4.44.7 600
Copper. ...... 3.54.0 600
Tungsten. . . .. 3.8-3.9 600
Lead.........| 2.3-3.3 650
Molybdenum.| 2.5-3.1 500
Iron......... 1.9-2.7 500
Gold......... 2.3 600

Secondary Radiation CoeFficient of Insulators

There is comparatively little infor-
mation in this matter, but it seems?*25
that secondary emission from insulators
consists largely of electrons that have a
low velocity compared with the primary
electron velocity. The cosine law of
distribution appears to hold, and the
coefficient can exceed unity. There is,
however, a difference with regard to the
angle of incidence of the primary electrons
impacting the radiator. In the case of
conductors, the secondary radiation coeffi-
cient increases continuously with the angle
of incidence, but in insulators this is not
s0. The coefficient increases up to a
critical angle of incidence in either direc-
tion from 0 deg, beyond which the coeffi-
cient drops sharply and then again in-
creases, as shown in Fig. 11.

This eritical angle has been found to
be evident only at certain levels of
primary impact velocity in the range from
1,300 to 3,000 volts. The critical angle
increases with increasing voltage, and
eventually vanishes. It is also affected
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by temperature. For example, a critical
angle that is 35°C at room temperature
falls to 15°C at the temperature of liquid
air. It vanishes at 150°C. At this
and higher temperatures, the phenome-
non is the same for insulators as for
conductors.2442,44-50

Explanations?!.51.52 gssume that a surface
layer of negative space charge is produced
on the insulator and affects the emission
of secondary electrons. An insulating
surface does not necessarily have a
negative charge, however. The charge
will depend on the conditions of the
experiment and on the secondary radiation
coefficient of the material.

Variation of Secondary Radiation Coeffi-
cient with Primary Angle of Incidence

In general, at low primary impact
energies (up to about 100 volts or so),
the secondary radiation coefficient is the
same for all angles of incidence.

At higher voltages this is not so. A
typical result due .to Miillers is for a
primary impact energy of 2,500 volts,
and is shown in Fig. 12. It is interesting
to note (Kollath*) that if the coefficients
for various metals are plotted in order of
increase of coefficient with incidence they
will then be arranged more or less in
descending order of their specific gravities.
The secondary radiation coefficient, as a
function of the angle of primary incidence
to the normal, rises with decreasing
specific gravity.>*-% The results pre-
viously described apply to angles of
incidence in the neighborhood of the
normal unless otherwise specified.

Secondary Emission at High Primary-impact
Velocities

Primary impact energies have been
investigated which are very much greater
than the few thousand volts to which the
previous remarks have been confined, but
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high-voitage results differ little. The
velocity distribution curve of Fig. 1 is
affected only insofar as peak A increases
in relative area (¢.e., the reflected electrons
increase in number),20.21,23,57,58

The secondary radiation coefficient as
a whole falls with increasing primary
impact energies. The increased pene-
tration of the primary electrons of high
velocity into the metal results in the
secondary electrons being reabsorbed in
the surface layers of the material. This
fall in secondary radiation coefficient is to
some extent counteracted by primary
electrons which emerge in a direction
different from the normal to the surface,
and cause secondary electrons to be
emitted from the surface layer of the
material. In fact, this latter effect
predominates in producing secondary
radiation at very high values of primary
impact velocity.?* The angular distri-
bution of the radiation follows the cosine
law.

Consideration of the depth at which
emission is produced is of considerable
importance where radiation is obtained
from both sides of a thin foil through
which primary electrons are arranged to
pass.?

Many investigators”.1%.59-63 have shown
that the structure of the radiating surface
has considerable effect on the coefficient.
No effect on it is noted by Hayakawa!
at the magnetic transformation points of
ferromagnetic materials, but sudden
changes have been shown to occur at the
points of allotropic modification of the
surface structure. An abrupt variation
in the secondary radiation coefficient of
iron at the Curie point has, on the other
hand, been recorded by another worker.5?

Further Investigation Needed

According to Rao,%® a nickel mono-
crystal gives a lower secondary radiation
coefficient than an ordinary polycrystal-
line nickel surface. An opposite result
is obtained by H. E. Farnsworth’ with
respect to copper. His result appears to
agree with the experimental fact that the
secondary radiation coefficient of finely
precipitated carbon or platinum black
has a particularly low coeflicient of
secondary radiation.

Further investigation seems to be
needed. In the meantime it seems that
either monocrystal surfaces of different
materials have different effects on the
coefficient, or that there is perhaps some
optimum size of crystal which gives a
maximum coeflicient.
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Effect of Temperature on Secondary Electron
Coefficient

As far as can be ascertained, there is no
temperature effect. According to Kol-
lath* this point might, however, be
worth further investigation, particularly
with regard to " the complex surface
coatings now commonly used in com-
mercial practice.

Effect of Gas on Secondary Radiation
Coefficient

All materials contain a certain amount
of gas before they have been heat-treated
by the usual valve (tube) manufacturing
processes which are necessary to produce
a high vacuum. Occluded gas has a
considerable effect on the secondary
radiation coefficient, and, until the radiator
is completely degassed, repeatable results
are not obtained. Measurements on the
effect of gas have been made by Farns-
worth,” Warnecke,?® and Ahearn.®* In
general, the presence of gas increases the
secondary radiation coefficient, often
several times.

Mechanism of Secondary Electron Radiation

The quantitative analysis of the atomic
mechanism of the phenomenon is in a very
rudimentary state. In fact, a survey of
the subject reduces itself largely to an
unsatisfactory recital of disjointed experi-
mental facts rather than to a coherent
statement of theory. Kollath’s paper®
gives an excellent outline of the situation
up to 1937. The relationship between
secondary radiation phenomenon and the
atomic structures of various metals
gives no very conclusive result, nor has
the work function any very useful relation-
ship, though there has been shown to be
some proportionality between the second-
ary radiation coefficient and this quantity.
The depth of penetration of the primary
electrons has been estimated, and Becker1#
arrives at a calculated depth of pene-
tration of about 30 A (about 15 to 20
atomic layers) at primary impact velocities
of the order of 500 volts.

Emission Time of Secondary Electrons

As far as the author is aware, no
measurements, or computations of this
quantity have yet been made. It may
prove, however, to be very important in
view of the increasing use of extremely
high frequencies in electronics. So far,
the only conclusion appears to be—and
this is a unanimous one®*-">—that the
time of emission is less than 10~° sec.
This is as much as several times the
periodic time at the highest radio fre-

quencies now being brought into use.
Modern u-h-f technique might enable
the time to be measured. A suggestion
due to Kollath* involves comparing the
times of arrival of electrically reflected
primary electrons with those of secondary
electrons. Experimental difficulties ap-
pear, however, to be considerable.

Secondary Emission Transit Times

In view of the initial velocity spectrum
(Fig. 1) common to all secondary radi-
ation (the fact that secondary electrons
are not all emitted at the same velocity),
secondary electrons traveling from the
emitter to another electrode do so with
differing transit times. This effect is of
substantial importance to the operation
of vacuum tubes at very high frequencies,
and is dealt with later.

Secondary Radiation in Electronic Engineering

In electronic engineering, secondary
radiation is sometimes found to interfere
with the desired operation of the radio
tube in which it occurs. Sometimes, on
the other hand, it is utilized as an essential
part of the mechanism of operation.

The Dynatron

In a tetrode, when the sereen grid is at
a higher potential than the anode, second-
ary radiation from the anode may travel
to the screen grid and produce a negative
resistance characteristic in the anode
circuit over a range of anode voltages.
Hence the valve can be made to generate
oscillations. This effect was first de-
scribed by Hull.’? In considering these
results with respect to modern radio
techniques, due regard must be paid to
secondary radiation transit angle effects.

Secondary Electron Multipliers

Secondary electron multipliers™ of
both the magnetic and electrostatic
types are so well known that it is un-
necessary to deseribe them in detail.
In multipliers, the primary electrons
strike an emissive surface which 1s of
such a kind as to produce a high ratio
(usually between 8 and 11) of total
secondary radiation coefficient. Second-
ary electrons thus radiated are caught by
another plate from which further second-
aries are again radiated. This process is
repeated several times in order to produce
a very high total magnification of the
original primary-electron-beam current.

The primary electron beam can be
controlled either by photoelectric effects’
or by voltage control. Greater impor-
tance appears to attach to the amplifica-
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secondary electron energies illustrated in Fig. 1.
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tion of photoelectric currents than to
voltage control, as the limitations of the
latter type cause it to be rather specialized
in application.”® An interesting and
comparatively recent example of voltage
control has been deseribed by Wagner and
Ferris.”” Control of the primary electrons
in secondary multipliers by deflecting
them instead of using a control grid
appears to have been first described by
Hopkins.”® The composite cesium—ce-
sium-oxide-silver curve in Fig. 10 shows
the ratio of secondary emission current
to primary current obtained from one of
the radiating surfaces in a multiplier.

Since secondary electrons are not
emitted with a single velocity, but with a
spectrum of velocities, the transit angle
between the radiators in the multiplier
also has no single value.

In Fig. 13, the ordinates represent the
relative number of secondary electrons
emitted at each of various relative over-
all transit angles of the secondary elec-
trons in a three-stage electron multiplier.
The relative over-all transit angle is ex-
pressed as a fraction of the transit angle
that would exist if the secondary electrons
were emitted with zero velocity. It will
be observed that the transit angles of the
individual secondary electrons vary over a
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Fig. 14.—Frequency response of an electron

multiplier, showing fall off at very high fre-

quencies due to the transit angle effect illus-
trated in Fig. 13.
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widerange. Furthermore,secondary elec-
trons are radiated from different parts of
the radiator, and have to travel along
paths of different lengths to reach the
next electrode.

The result of these combined effects
has been shown by Malter®” to produce
an h-f cutoff in the response of the
multiplier as a whole. The resulting
frequency cutoff of a typical multiplier is
shown in Fig. 14.

Farnsworth Multipactor

Another application of secondary elec-
tron multiplication involves the utili-
zation of transit time to produce h-f
oscillations. This idea was first put
forward by Philo T. Farnsworth.”®

Reduction of Screen Grid Current

In many screen-grid radio tubes, the
anode is maintained during operation at a
potential higher than that of the screen
grid. Secondary radiation of quite a
considerable amount is produced at the
points of impact on the screen grid of
the primary electrons that constitute the
space current. The secondary electrons
travel from the screen grid to the anode
and so decrease the screen grid current

.and increase the anode current, very

considerably. This results in an increase
in the static transconductance of the
tube. It must not be forgotten that,
owing to the varying transit angles of the
secondary electrons, this increase will not
hold at very high frequencies. The phe-
nomena produced will be somewhat
similar to that exemplified above with
respect to secondary electron multipliers.
There seems to be no published infor-
mation in this matter.

Secondary Radiation from Cathodes

In certain tubes—notably the magne-
tron—the cathode may be bombarded by
primary electrons which return to it at
considerable velocities. By adding to
the emission, the resulting secondary
radiation may have an appreciable effect
on the operating characteristics of the
valve.

The Pentode

In the great majority of electronic
tubes, secondary radiation is a nuisance
and elaborate steps have to be taken to
prevent it from interfering with the
operation of the tubes. It will be clear
from Fig. 5 and the associated text,
however, that attempts to prevent the
radiation of secondary electrons from the
electrodes of radio tubes are foredoomed
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to failure. In fact, quite early engi-
neering experiments confirmed this.?®

Since secondary radiation itself ecannot
be prevented, the only remaining thing
to do is to prevent the secondary electrons
traveling from one electrode to another.
This is the idea behind the pentode.

It is almost unnecessary to describe
this well-known tube in detail.®* The
traverse of secondary electrons from the
anode to the screen grid when the anode is
at a lower potential than the screen grid
during operation is prevented partly by
the use of a retarding potential. A grid
(called the suppressor grid) is interposed
between the screen grid and the anode and
is maintained at a low potential.

Primary electrons pass through the
spaces between the suppressor grid wires.
A retarding potential exists between these
spaces and tends to reduce the secondary
radiation current from the anode to the
screen grid to a fraction of the primary
electron current (see Figs. 4 and 6).
At the same time, owing to the cosine law
of distribution (Fig. 8), only a small
number of the secondary electrons are
directed toward the gaps in the suppressor
grid. This results in a still further
reduction of the total secondary electron
current.

A further effect that tends to reduce
the adverse flow of secondary electrons is
the addition to the retarding potential
caused by space charge effects. Both
primary and secondary electrons con-
tribute to the space charge potential.
The combination of all these effects (and
possibly others) operates in a very complex
manner, and the author is not aware of a
satisfactory quantitative theory, but
pentode valves may readily be designed
by empirical means.

Remembering that the potential of the
spaces between the wires of the sup-
pressor grid cannot be zero (or the primary
electrons themselves would be prevented
from arriving at the anode), it is untrue
to say that the operation of a pentode is
explained merely by the interposition of a
retarding potential between the anode
and screen grid. A retarding potential
that did not reduce the potential between
the wires of the suppressor grid to zero
would still leave a considerable amount of
secondaries flowing. This is clear from
Fig. 6. Curves A in Fig. 15 shows the
familiar dynatron characteristic which is
produced in the absence of a suppressor
grid. Curve B shows the characteristie
found in a pentode, and curve C shows
the type of characteristic that might
perhaps be expected if the suppressor
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Fig. 15.—Curve A is the anode characteristic
of a dynatron valve. Curve B is that of a pen-
tode. Curve C is the approximation to the
kind of curve that might be expected if a
suppressor grid is assumed to operate solely by
producing a retarding potential.

grid retarding potential alone were the
only operative factor in preventing the
flow of secondary electrons.

Secondary Electron Traps

Owing to the cosine distribution of
secondary radiation (Fig. 8), if a beam of
primary electrons enters an enclosed
metal cavity (at a positive potential)
through a small aperture as in Fig. 16,
only a very small part of the resulting
secondary radiation will succeed in leaving
the cavity. This is the principle of the
Faraday ecylinder previously referred to
(Figs. 3, 4, and 7). Attempts have been
made and suggested® to utilize such
cylinders as the anodes or collector
electrodes of practical radio tubes. Since
insuch radio tubes the effective anode area
for the collection of primary electrons
must usually be considerably greater
than the small aperture illustrated in
Fig. 16, these attempts have not been very
successful as far as the author is aware.

Critical-distance Beam Tetrodes

In 1931 the author, working on the
production of the then novel idea of
producing beams of electrons of apprecia-
ble fractions of an ampere at a few
hundred volts, found that if the space
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Fig. 16.—A Faraday cylinder or electron trap.

current in a dynatron type of tetrode is
confined into a beam, an optimum value
exists for the distance of the anode from
the screen grid (accelerating grid; he
named this distance the critical distance)
at which the passage of secondary elec-
trons from the anode to the accelerating
grid is prevented. The anode character-
istic then obtained is of the kind illus-
trated in Fig. 17.82-8¢  The sharp knee at
the left-hand side of the curve is charac-
teristic of this type of tube and results in
a considerably lower distortion level®286
than the more rounded knee of the
pentode (Fig. 15).

Tubes of this kind were made in 1931
and were put on the market in England
by a commercial firm in 1935. They came
into wide use, under the name of beam
tetrode when this tube was first marketed
(in America) in 1936; yet, like the pentode
(the invention of which dates from 1926),
there is again no satisfactory published
theory. The straight part of the anode
characteristic of this valve (Fig. 17)
can be accounted for only by the reduc-
tion of the traverse of secondary radiation
to a very small fraction indeed of the
total radiation. DBy reference to Fig. 6,
it will be seen that this appears to infer a
retarding potential virtually equal to the
primary impact velocity itself.

Attempts have been made to explain
this critical-distance characteristic in
terms of the potential minimum produced
by space charge,88 but the author has
shown®® that the magnitude of the re-
tarding potentials predicted by this
theory is not sufficient (by a factor of
several times) to prevent the occurrence
of the dynatron kink in the anode charac-
teristics. Moreover, the problem is not
merely one of preventing the passage of
secondary radiation at one set of values
of anode current, anode voltage, and
screen voltage. It is, on the contrary,
that of maintaining a flat working surface
of the characteristic over a wide variation
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characteristic.
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area (Fig. 17). A purely space-charge
retarding potential theory leads to no
such range of working currents and
voltages.

A complete formulation of the problem
must include the effects of the formation
of the primary electrons into a beam
(without which the effect seems not to
take place in practice), the variation of
the density of this beam with control grid
voltage, the energies of the secondary
electrons, the angular distribution of the
secondary radiation, the end effects, and
the depression of space potential due to
the presence of low-potential conductors
near the screen grid-anode space.

It has been pointed out by the author
some time ago®® that if the accelerating
voltage is higher than a few hundred volts,
the critical-distance effect is not produced
satisfactorily. This appears to have a
relationship to the increase in the area of
peak A in the secondary radiation energy
distribution curve (Fig. 1) at the higher
primary impact velocities.

Secondary Emission from Grids

Grids and other electrodes in electronie
tubes that are struck by electrons will
emit secondaries which, particularly in
tubes where optical images are to be
formed, may be very undesirable. Such
effects may be minimized, though not
eliminated, by treating the surfaces
involved. Coating with carbon black or
like methods are used (Fig. 94).

Secondary Radiation from Insulated Electrodes
and Insulators in Vacuum Tubes

If an insulated conductor is positioned
in the path of a beam of primary electrons,
its potential will depend on the impact
energy of the primary electrons and on the
secondary electron coefficient of the
conductor.

For instance, referring (Fig. 94) to the
curve for nickel, it will be seen that it
becomes unity at a primary impact
velocity of approximately 1,750 volts.
The initial potential of a clean insulated
electrode made of nickel will, in the
absence of a flow of primary electrons, be
that of the space in which it is situated.
If this potential and the impact energy of
the primary electrons on the mnickel
electrode are both above 1,750 volts, then,
from Fig. 94, the total secondary radi-
ation coefficient will be less than unity.
The insulated nickel electrode will there-
fore charge negatively until its potential
reaches 1,750 volts, when the secondary
radiation coefficient is unity, and the



number of electrons leaving the electrode
will be equal to those reaching it. This,
of course, assumes space-charge-free con-
ditions, and assumes further that all the
secondary electrons emitted by the nickel
are collected by other electrodes in the
tube.

If, again, the space potential of the
insulated nickel electrode and the initial
energy are between about 160 and 1,750
volts, then, from Fig. 94, the secondary
radiation coefficient will be greater than
unity, and the electrode will tend to
charge positively until an equilibrium
potential of about 1,750 volts is again
reached.

If, however, the space potential and the
primary impact energy are below 160
volts, then, from Fig. 94, the total
secondary radiation coefficient is less
than zero. The insulated electrode will
charge up negatively until it reaches zero
potential, at which no primary electrons
strike it. Therefore, in general, an
insulated conductor upon which electrons
impinge tends to take up either a potential
tending to zero, or a high positive potential.
It has been suggested to employ this
effect to maintain a suppressor grid in a
pentode at the order of zero potential.
Clearly, if the electrode is contaminated,
or otherwise has a greater secondary
radiation coefficient than the pure material
(and this may very easily occur in a
practical radio tube), the impact potential
at which the total secondary radiation
coefficient is unity may well become very
high.

The equilibrium potentials of insulators
(such as the glass walls of a vacuum tube)
due to secondary radiation may vary
discontinuously and profoundly affect the
space potential in the tube as a whole, and
therefore in many instances upset the
operation of the device. In the absence of
more information on the secondary
radiation coefficients of insulators, and
because of the complicated nature of their
behavior, it is not possible to state any
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useful theory. In radio tubes, care is
taken to minimize the results of bulb
charging. This is done by causing the
electrode assembly to be self-shielding
(i.e., semi-enclosed as far as the operative
part of the electron beam is concerned)
or by putting a conductive film (such as
collodial graphite) on the walls of the
glass envelope and connecting it to a
suitable part of the electrode system.
This is found to be necessary in cathode-
ray oscilloscope tubes where the beam is
not enclosed by the metal electrodes.
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Open-grid Tubes in Low-level Amplifiers
By ROBERT J. MEYER

Omission of the grid leak in a conventional low-level amplifier, leaving only surface

leakage paths between the grid and cathode, reduces the noise due to shot effect and

thermal agitation.

A cathode resistor of proper size gives further lowering of noise level

FOR certain applications in amplifiers
requiring a high input resistance and
low noise level, it has been found desirable
to eliminate the grid leak. Examples of
such applications are amplifiers operating
from a low-level high-impedance source,
amplifiers that must present the smallest
possible load to the preceding stage, and
amplifiers that must handle signal voltages
of the same order as the noise level.
Operation of a tube with an open grid
was found to be less noisy than operation
with a grid leak.

Noise in Amplifier Circuits

The three principal types of noise in an
amplifier circuit are flicker, shot effect,
and thermal agitation. These noises can
be considered as being developed by
equivalent generators in the grid circuit
of a noise-free tube.

The flicker voltage, which is produced
by irregularities in the temperature of
the heating element, is inversely pro-
portional to the square of the frequency.

Shot noise is uniformly distributed
throughout the frequency spectrum, in-
dependent of the electron velocity and
independent of the manner in which the
total current divides between the elec-
trodes. The values of the shot voltage
E for triodes can be calculated from the
formulas

|| = 2 X 10-10 ;‘—” o

For pentodes, the formula is

. 2 X107 \/ I,
= T Ny, O T8I A
@

The thermal agitation voltage de-
veloped by a resistor is

E? = 4KTR AF (3)

where R = resistance
AF = frequency band passed
T = temperature, °K
K = Boltzmann’s constant (1.39 X
10-23),

If the impedance in the grid circuit is
not a pure resistance, the resistive
component is a function of the frequency,
and the voltage can be obtained from

E* = 4KT LFQRU)dF @)

These formulas apply only to wire-
wound resistors or to carbon resistors in
which no current is flowing.

There is always some capacitance
across a resistor, and this parallel com-
bination forms a low-pass filter that
affects the thermal agitation voltage e
as follows:

e = 128 X 10710
F, Fy
~1-2 _ -1t 5
\/RFO (tan 7. tan Fo) (5)

where Fo = 1/2aRC and F, and F, are
the upper and the lower frequency limits,
respectively, being considered. It can
be seen from Eq. (5) that the thermal
agitation voltage output of an RC com-
bination is independent of the value of R,
because F, = 0 and F: = Fy, reducing e
from a function of R and C to a function
of C only.

If the noise voltage from an RC
combination is applied to an amplifier,
some of this voltage may be in a part of
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Fig. 1.—Noise leve! vs. cathode-to-grid voltage

for a 6SJ7 tube connected as a triode, with

40 puf in the grid circuit to simulate a high-

impedance crystal pickup having no short
resistance.

the frequency spectrum which is not
passed by the amplifier. In this case,
the voltage passed by the amplifier would
be a function of R as expressed in Eq. (5),
where F; and F; would now be the fre-
quency limits of the amplifier, and R and
C would be the grid leak and the input
capacitance in the amplifier circuit. If
F, is very much less than the upper
frequency limit of the amplifier, Eq. (5)
reduces to
e = 1.28 X 1071° \/2716' cot"‘% 6)
The form of Eq. (5) can be changed to
show more clearly the relation between
the thermal noise and the value of R.

e =128 X 1071

VQWLC (tan™! 2¢F,CR — tan™' 20F,CR)  (7)

tan [ 2xCe? ]
(1.28 X 10719)2
_ 2rC(Fy — F1)R ®)
1 + 4x2FF,C2R?

Equation (8) shows that the noise in-
creases as the value of B increases from
zero, reaches a maximum at some finite
value of R, and decreases as the value of
R is increased beyond this value. This
equation shows that operation of a tube
with an open grid would be less noisy
than operation with a grid leak. In an
amplifier circuit, to obtain minimum
noise, the grid leak is sufficiently high if
the thermal noise is less than the shot
effect.

Another source of noise is the flow of
leakage current between the cathode and
the grid. This noise would be at a
minimum when the cathode-to-grid volt-
age is at a minimum. The tube would
thus be quietest with a proper value of
bias, and the open-grid tube automatically
biases itself to this bias voltage.

Experimental results confirmed that
noise is less with an open grid than with a
grid leak, and less with a cathode resistor
than without one. This result is to be
expected, for the cathode resistor voltage
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Fig. 2.—Noise level vs. grid-leak value for a triode-connected 6SJ7 tube.

Curve B is for very low

values of grid-cathode resistance.

drop reduces the voltage between the
cathode and the grid, reducing the leakage
current and the noise resulting from it.
The value of noise obtained with a grid
leak and no cathode resistor is exception-
ally high, probably because the zero bias
allows a comparatively high value of grid
current to flow through the carbon grid
leak, greatly increasing the noise across
the resistor.

The curve of noise level vs. cathode-
grid voltage is given for a 63J7 tube in
Fig. 1. Least noise is obtained for that
value of cathode resistor which gives a
cathode-grid voltage of —1.2 volts.
The open-grid tube seems automatically
to bias itself approximately to that value
which gives the least noise. The effect of
electron flow to the grid (which tends to
make the grid negative) and the effects of
emission from the grid and gas current to
the grid (which tend to make the grid
positive) balance each other to give the
grid a small negative bias.

Effect of Grid Leak Value

Figure 2 shows the relation between the
noise level and the value of grid leak.
These readings were taken with a 750-
ohm cathode resistor. Except for a
shorted or nearly shorted grid, the best
signal-to-noise ratio is obtained with an
open grid. For the constants in this
test, ¢.e., amplifier frequency response
and input capacitance, the worst ratio is
obtained for a grid leak around 100,000

ohms. For a different amplifier the
worst ratio would occur at a different
value of grid leak, but the general shape
of the curve would be the same. These
results are in agreement with Eq. (8)
and the discussion following it.

Effect of Plate Voltage

The relation between the plate voltage
on a tube and the noise level at the grid
is given in Fig. 3. Again there is less
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noise without a grid leak than with a grid
leak, but in both cases the best signal-to-
noise ratio is obtained for a plate voltage
of about 90 volts.

It would be expected from Eq. (1)
that the noise would continue to decrease
as the plate voltage is increased because
the g. 1is increasing. However, the
larger number of positive ions and
secondary electrons present in the tube at
higher plate voltages tends to make the
tube slightly noisier.

Operation of a tube without a grid
leak seems practical in applications
involving low-level operation, with no
d-c potentials in the preceding stage, and
a negative grid bias of not more than
about 2 volts.
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28-volt Operation of Receiving Tubes

By C. R. HAMMOND, E. KOHLER and W. J. LATTIN

Performance of pentodes and triodes operated directly from an aircraft battery as B

supply.

Grid leak bias is recommended to minimize effects of grid contact potential and

G, variations. Tables show performance of RC-coupled amplifiers in 28-volt service.

THE application of receiving tubes at
plate and screen voltages of 28 volts
enables the designer of aircraft radio and
related equipment to effect substantial
simplifications. The direct use of the
aircraft primary battery for the B supply
permits elimination of high-voltage gener-
ating components with consequent re-
duction in size, weight, cost, maintenance,
and power requirements of the equipment.
Improved reliability and efficiency are
also obtained.

Data are given here for typical opera-
tion of standard r-f pentodes, triodes, and
voltage-amplifier types from a 28-volt B
supply. Single-ended 12-volt metal types
were chosen mainly because they have
been the accepted standard of the Services
and of the majority of leading aircraft
radio manufacturers. Miniature tube
types are included because they will
exhibit advantages in v-h-f equipment.
Data on several GT double-triode types
are given, since it is thought they may
find application as phase inverters, multi-
vibrators, or oscillators.

Operating Problems at 28 Volts

Operation of electron tubes with plate
and screen voltages obtained directly
from the primary 28-volt aircraft battery
offers a few difficulties that must be
recognized in establishing design practices,
equipment performance tolerances, and
choice of tube types. These difficulties
are principally the following:

1. Variation of grid contact potential
between tubes of a given type.

2. Greater percentage variation of
transconductance and other character-
istics, for certain types (tube-to-tube)
than is experienced with the same tubes at
maximum voltage ratings.

3. The wide range of battery voltage
(occurring in the aireraft) over which
satisfactory tube performance must be
obtained.

Tube operation at 28 volts plate and
sereen supply makes it necessary to
employ the lowest possible bias. At zero

bias with low grid circuit resistance, an
obvious difficulty with grid current
loading of tuned circuits arises. At low
orders of fixed or cathode bias, difficulty
is experienced with many tubes of a large
lot drawing grid current because the bias
isnot high enough to overcome the contact
potential. If the bias is made high
enough that no tubes draw grid current,
the average gain for all tubes is at an
undesirable low level. A good com-
promise is to employ grid-leak bias which
evens out the variations of gain from
tube to tube. Tubes that tend to run
high in grid contact potential also tend
to run high in transconductance, and
vice versa, so that tubes with high G, will
bias themselves back further than tubes
with low G'n.

Effective Grid Bias

We define grid contact potential, as
employed in this discussion only, to be
that grid potential at which the grid
current characteristic (in the absence of
gas or positive ion current) intercepts the
zero grid current axis. The grid current
characteristics of several type 9003 tubes
are shown in Fig. 1. The grid contact
potential values are approximately —0.7
volt for tube 1 and —1.0 volt for tube 3.
The values are usually found to lie
between —0.2 and —1.2 volts for most
vacuum tubes of the classes discussed
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Fig. 1.—Typical grid current characteristics of
type 9003 pentode in contact potential region.

here. Since the potential depends on such
items as the work functions of emitting
materials, mean velocity of emitted elec-
trons, area of effective electron emission,
cathode temperature, grid-cathode spac-
ing, potentials on other tube elements,
ete., it is impossible to hold the value to.
that degree of uniformity achieved in the
control of other parameters during the
manufacture of vacuum tubes.

When a grid leak resistor is used, the
value of bias for the tube under con-
sideration will be found at the point at
which the load line for the resistor inter-

Table |.—Characteristics of R-f Pentode Amplifier Types with 28-volt B Supply

Trans- Plate Plate Screen Cutoff

Type conductance, | resistance, e
current, ma | current, ma | bias * volts

p mhos megohms
6AGS 1300 Over 1 0.40 0.10 -2
125F7 1075 Over .4 2.0 0.60 -9
128G7 1325 Over .75 0.75 0.35 -5
12SH7 1200 Over 2 0.35 0.15 -2
128J7 1350 Over .75 1.0 0.30 -3
128K7 1850 Over .3 2.0 0.60 —10
9001 1150 Over .7 0.65 0.30 -3
9003 1250 Over .3 1.6 0.70 —-10

* Cutoff bias for transconductance of 10 umhos. Data in this table were obtained with rated heater voltage,
plate and screen voltage of 28 volts, and grid bias of zero volts through 2 megohms.
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Table Il.—Typical Audio Amplifier Operation of Triodes at 28 Volts
Tube type 12AH7GT 12J5GT 128N7GT 12S8R7 9002
Heater voltage.............. ... .. ... 12.6 12.6 12.6 12.6 6.3
Heater current, amp.............. ... ... ..o 0.15 0.15 0.30 0.15 0.15
Transformer or Choke-fed A-f Amplifier
(Per section) (Per section)
Plate voltage....... ... ... .. .. ... ... ... ... 28 28 28 28 28
Grid bias voltage. .. ........ .. ... .. ... . ... . 0 -1 0 -1 0 | -1 0 -1 0 —1
Grid resistor, megohms. .. ......... ... .. .. .. ... .. .. 10 0 10 0 10 0 10 0 10 0
Plate current, milliamperes. .............. ... .. ... .. 1.25 | 1.0 1.2 1.0 | 1.2 1.0 1.0 | 0.75 | 0.50 | 0.50
Transconductance, pmho..... ... .. ... ... .. ... ... .. .. .. 1200 | 1100 | 1625 | 1450 | 1625 | 1450 | 1150 | 1000 | 1150 | 1100
Plate resistance, ohms......... ... ... ... ... ... . ... .. 14,000(15,000(12,250(14,500(12,250|14,500(15,750/18,000(17,750(21 ,000
Amplification factor............ ... .. ... ... 16.8 | 16.5 20 21 20 21 18 18 20.5 23
Resistance Coupled A-f Amplifier
(Per section) (Per section)

Plate supply voltage. . .. ........... ... ... ... ... .. ..., 28 28 28 28 28
Grid bias voltage. .. ... ... .. .. ... .. 0 0 0 0 0
Grid resistor, megohms. .. ....... .. ... .o ool 10 10 10 10 10
Plate load resistor, megohms. ........... ... ... .. ... ..., 0.05/0.10|0.22/0.05]0.10/0.22|0.05]0.10]0.22]0.05/0.10/0.22/0.05/0.10/0.22
Following grid resistor, megohms. . .. ... ... ... ... ... ... . 0.10(0.22/1.0 |0.10(0.22(1.0 (0.10{0.22{1.0|0.10(0.22)1.0(0.10/0.22]1.0
Plate current, pamp.......... ... . .o .o ... |275]150| 75 | 225|150 75 [225|150| 75 | 250|150 | 75 | 175|100 ( 50
Amplification................. .. ... ..............|9.58[11 |12 |11 12|13 |11 | 12|13 9|11 |12} 10 |11.5( 13
Max output (5% dist), rmsvolts. .. ... . .......... ... .. . 31(13.5] 5(2.5( 3 412.5| 3 412.5] 3 4 (1.5 2 3
sects the grid current characteristic of the 28-volt operation. Grid leak bias is grid signal is reduced from 0.1 volt.

tube, as illustrated in Fig. 1. Thus tube
1 will assume a bias of about —0.5 volt
and tube 3 about —0.7 volt with a 2-
megohm grid resistor. If both of these
tubes were operated with a common
2-megohm grid resistor, they would both
have a bias of —0.7 volt determined by
the higher contact potential tube. There-
fore, it may be desirable in many cases of
28-volt operation to use separate isolating
resistors for each tube in the a-v-c system
unless the effects of higher contact
potential tubes in increasing bias on all
tubes of the a-v-c system are acceptable.
Of course, in some instances where a
very high value of d-c diode load is
employed, the diode contact potential may
establish the bias for the tubes on the
a-v-c line and the use of separate isolating
resistors would not be important.

Minimizing Effects of G,, Variations

Since the minimum bias for maximum
gain for each tube of a lot is established by
the grid leak, this method of bias is

almost as effective for smoothing tube
variations and is inherently available in
most a-v-¢ systems. For this reason all
tube ratings given here are made with a
2-megohm grid leak (with the exception
of voltage amplifiers that employ a 10-
megohm leak) at zero external bias. The
grid signal employed is 0.10 volts rms.
This signal is standard on the G.
test line of the tube plant and is employed
in the laboratory so that data are directly
useful for translation into test limits.
For the condition of zero grid circuit
resistance at 28 volts B supply, the value

For the condition of 2 megohms grid
circuit resistance, some grid current
rectification occurs and biases the grid
back somewhat. Therefore higher meas-
ured values of G will be observed for
grid signals less than 0.1 volt.

High G, types show more change in G
with signal level than medium G.. types.
Low G, tubes of a given type tend to show
more change than high G, tubes. For
example, when the grid signal is reduced
from 100 mv to 50 mv for type 12SH7,
the highest tubes increase their observed
G, about 5 per cent, while the lowest

recommended instead of cathode bias for
28-volt operation. While cathode biag
tends to smooth out tube variations, it can
be shown that cathode bias will not
minimize G variations except when the
‘bias is so large that the average Gu
is reduced more than can be tolerated in

of G. observed varies negligibly as the tubes increase it about 9 per cent. For

Table lIl.—Typical Resistance-coupled Audio Amplifier

Operation of Pentodes at 28 Volts

Tube type 128F7 128J7 9001
Heater voltage, volts............... .. I 12.6 12.6 6.3
Heater current, amp. ...................... 0.15 0.15 0.15
Plate supply voltage, volts.................. 28 28 28 .
Grid bias voltage, volts..................... 0 0 0
Grid resistor, megohms................ ... .. 10 10 10
Screen grid resistor, megohms............... 0.33 1 0.82 | 0.22 | 0.47 | 0.068| 0.27
Plate load resistor, megohms........... .. ... 0.10 | 0.22 | 0.10 | 0.22 | 0.10 | 0.22
Following grid res., megohms................ 0.22 /1.0 [0.22]|1.0 |0.22| 1.0
Plate current, pa.......... ... oL 180 | 90 180 | 95 170 | 70
Secreen grid current, pa. ... ... ...l 60 25 60 35 90 35
Amplification.......... ... ... ... o 23 35 34 47 36 52
Max output (5% dist.) volts................ 3 4 4 4.5 3.5 4
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type 128G7, the respective differences are

3.5 per cent and 5 per cent, and for type .

128K7 they are 1.2 per cent and 1.5 per
cent. Thus the following data indicate
slightly lower values and less uniformity
than might be obtained in circuit practice.
The average characteristics of several
pentode types for 28-volt operation are
shown in Table I. The mutual con-
ductance curves for remote cutoff pentodes
are given in Fig. 2, and for sharp cutoff
pentodes in Fig. 3. These curves are
for the condition of zero grid circuit
resistance, and the high value of G.
shown for some types at bias values less
than about —0.75 volt will not be
realized in r-f amplifier applications with
2-megohm grid leak bias (see Table I).

Transconductance Variations at 28-volt Design
Center

It is of practical interest to note the
percentage variation in transconductance
which occurs as the B supply voltage is
varied. Some aircraft radio equipments
must operate over a range of 22 volts
minimum to 32 volts maximum, or —21
per cent and 14 per cent from a design
center of 28 wvolts. From a cathode
temperature standpoint, tubes cannot be
rated for supply voltage variations greater
than +10 per cent for continuous oper-

be measured for performance at extremes
of voltage variation, Figs. 4 and 5 show
the order of variation in stage gains to be
expected for each tube type as the B
voltage is varied (heater voltage constant).
The disadvantage of high G tubes such
as types 6AGH, 128G7, and 12SH7 is
apparent.

Typieal transconductance variations as
a function of heater voltage (B voltage
constant) are illustrated in Fig. 6.
Both effects must be tolerated and
allowed for in equipment performance test
specifications. Figure 6 also demon-
strates that contact potential bias is to
be preferred over fixed or cathode bias if
variation in transconductance over a
range of heater voltage is an important
consideration.

There is one point that should be
emphasized in connection with 28-volt
operation of standard receiving tubes.
It is that a tube rated for a very high
transconductance at higher voltages will
not necessarily exhibit a higher trans-
conductance at 28 volts than the medium
transconductance tubes such as the types
128J7, 128K7, etc. The curves of Figs.
4 and 5 demonstrate this fact. Further-
more, many of the very high transcon-
ductance types are rated with —1.0 volt
bias at maximum plate and screen
voltage ratings, and no appreciable
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leak bias. For tubes like types 128J7
and 12SK7 which are rated with —3.0
volts bias at maximum voltage ratings, it
is possible to reduce the bias sufficiently
for 28-volt operation that a wvalue of
transconductance is obtained equal to or
better than that of the high G. types.
In addition, the medium G,, types exhibit
tube-to-tube uniformity at 28 volts
comparable to that obtained at maximum
voltage ratings, while the high G.. types
do not.

Selection of Tube Types

The comparative average transcon-
ductance and the typical range of vari-
ation between tubes of a given lot are
illustrated in Fig. 7 for several types.
This figure should assist the designer who
is critical of product variations in the
selection of types to be used. Figures 2
and 3 should be useful in the choice of
types for a particular application. For
most r-f and i-f applications with auto-
matic volume control the 12SK7 appears
to be a good selection both from the
standpoint of average characteristics and
minimum tube-to-tube variations. For
v-h-f use, the 9003 should prove very
satisfactory.

The types most satisfactory for resist-
ance-coupled voltage amplifiers with 28-
volt B supply are pentodes and low-mu

ation. However, if equipments are to reduction in bias is obtained with grid triodes. High-mu triodes cannot be used
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Fig. 2.—Transconductance vs. control-grid bias for remote cutoff

pentodes.

Fig. 3.—Transconductance vs. control-grid bias for sharp cutoff pentodes.
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successfully because the bias developed
in the grid resistor by the grid contact
potential will cause the tubes to operate
at or near plate current cutoff. The
cutoff bias of a triode is approximately
the ratio of plate voltage to mu. For the
type 125Q7, which has a mu of 100, the
approximate cutoff bias would be 28/100,
or —0.28 volts. Since the bias developed
by contact potential in the grid resistor
may vary from —0.2 to —1.2 volts, the
impracticability of using high-mu triodes

ELECTRONICS FOR ENGINEERS

is apparent. They will not only produce
less amplification than a low-mu triode at
28-volt B supply, but will produce much
less maximum voltage output, with large
gain variations between tubes of a given
type.

28-volt Amplifier Performance

Data on resistance-coupled audio ampli-
fier gain and maximum output voltage
(for 5 per cent distortion) are given for
triodes in Table II, for three different

values of plate load and following grid
resistor. Information on transconduc-
tance, plate resistance, and mu, which
will be applicable in the case of trans-
former or choke-fed amplifier stages, is also
given. Resistance-coupled amplifier data
for several pentodes is presented in Table
III. Any of the tubes shown in these
tables should prove very satisfactory in
28-volt service, the selection depending
on the gain requirements and use of
auxiliary diode or triode sections,
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Bandwidth Factors for Cascade Tuned Circuits

ALCULATIONS of bandwidth at a given
deviation from resonance for cascade
tuned circuits may be quickly and
conveniently carried out by means of the
table and equationg given here. A pair
of graphs, providing the same data as that
of the tables, but which may be useful for
interpolated values not contained in the
table, is also included.

From the data, the engineer may
determine the bandwidth for a specified
attenuation if the resonant frequency,
the @ of the circuits, and the type of
tuned circuits are known. Likewise, the
required circuit ¢ can be obtained when
the degree of coupling, attenuation, and
bandwidth are specified for a given
resonant frequency.

In Fig. 1, representing a typical
resonance curve,

let fo = resonant frequency of all circuits
» = over-all bandwidth in the same units
as fo
E, = voltage at resonance
E, = voltage at the extremities of the
desired bandwidth
A = attenuation, expressed as the volt-
age ratio, Eo/E,
a = attenuation expressed in db, i.e.,
= 20 log,o A
n = total number of resonant circuits
W = bandwidth factor obtained from
the table or graphs
Q = circuit quality, defined by
wL IVfo

Q_R fw

The equations that are the basis for
the table are

By C. E. DEAN

Wfo

w = —A~ 1
b 0 1
and for circuits of very loose coupling

2

For circuits of optimum coupling

4

W = /2 (A" — )% @

(TR

The method of using the tables and
the graphs in Figs. 2 and 3 can best be
illustrated by considering a few typical
examples.

Examples

Ezxample 1.—Given a tuned r-f amplifier
of one stage with input and output circuits

Eo

EER R .

a(db) Ew

m
€
3

a=20!og|O%§vzv

Fig. 1.=Typical resonance curve with voltages,
frequencies, and attenuations indicated.
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each with a ¢ of 100, determine the
bandwidth 20 db down if the resonant
frequency is 1,000 ke and circuits are
loosely coupled.

From the table or graph for loosely
coupled circuits and an attenuation
a = 20 db, we find that W = 3. Then,
from Eq. (1) we have f.. = 3 X 1,000/100
= 30 ke.

Ezxample 2.—Given an i-f amplifier with
four tuned circuits in two pairs, all tuned
to 455 ke and having a @ of 90, determine
the bandwidth 40 db down for optimum
coupling.

From the table or graph for optimum
coupled circuits, W = 4.5, and from
Eq. (1) we find the bandwidth to be
Su = 4.5 X 455/90 = 22.7 ke.

Ezample 3.—1t is required that one pair
of optimum-coupled i-f circuits have a
bandwidth of 18 ke at 20 db down when
the resonant frequency is 455 ke. What
is the required Q7

From Eq. (1), Q@ = Wfo/fu = 45 X
455/18 = 113.

Example 4.—It is required that an
amplifier have a bandwidth of 10 ke at 6

Circuits We Weo Weo/Wo

5 separate,

loosely coupled 0.57 | 3.9 | 6.8
6 separate,

loosely coupled 0.513.0| 5.9
4 in pairs,

optimum-coupled 1.4 | 80| 5.7
6 in pairs,

optimum-coupled 1.2 | 4.5 3.8
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Bandwidth factor, W
Total number
of circuits n
A=112|A=1264 =141 A =2 A=4 A=7 A =10 A =20 A =40 A=70 | A=100 | A = 1000 A = 10¢
a=1db|a=2db a=3db|a=6db|la=12db|a =17db|a =20db|a =26db|a =32db|a =37db|a =40db|a =60db|a = 80db
Circuits of Equal Individual Selectivity Very Loosely Coupled or Cascaded in Successive Stages of an Amplifier
1 0.51 0.77 1.00 1.73 3.9 6.9 10 i
2 0.35 0.51 0.64 1.00 1.7 2.2 3 4.4 I 6.3 8.3 10
3 0.28 0.41 0.51 0.77 1.2 1.7 1.9 2.5 \ 3.3 4.0 4.5 10
4 0.24 0.35 0.44 0.64 1.0 1.3 1.5 1.9 2.3 2.7 3.0 5.5 10
5 0.22 0.31 0.39 0.57 0.86 1.1 1.2 1.5 f 1.8 2.1 2.3 3.9 6.3
6 0.20 0.28 0.35 0.51 0.77 0.96 1.1 1.3 1.6 1.8 1.9 3.0 4.6
7 0.18 0.26 0.32 0.47 0.70 0.86 0.96 1.16 “ 1.4 1.54 1.65 2.5 3.6
8 0.17 0.24 0.30 0.44 0.64 0.79 0.88 1.06 :  1.23 1.38 1.47 2.2 3.0
Circuits of Equal Individual Selectivity Optimum-coupled in Pairs
2 (1 pair) 1.01 1.24 1.4 1.9 2.8 3.7 4.5 6.2 9.0
4 (2 pairs) 0.84 1.01 1.1 1.4 1.9 2.2 2.5 3.0 3.5 4.1 4.5 8.0
6 (3 pairs) 0.75 0.90 1.0 1.2 1.6 1.8 2.0 2.3 2.6 2.8 3.1 4.5 6.6
8 (4 pairs) 0.70 0.84 0.93 1.13 1.4 1.6 1.7 1.9 2.2 2.3 2.5 3.5 4.5




db and an attenuation of at least 60 db
for a bandwidth of 60 ke. Determine
the circuit arrangement and required Q
for operation at 455 ke.

In terms of bandwidth, (fu)so =< 6(fu)s,
or Weofo/Q < 6Wefo/Q, where the new

TUNED CIRCUITS

subscripts indicate the attenuation in
decibels. It is seen that fo and @ cancel,
leaving the requirement Wgo/We =< 6.
From the table or graph we obtain the
data as shown on page 365.

Six separate circuits would be required,

367

but four circuits in pairs are adequate and
might be chosen.

For this problem, the necessary Q is
determined by the required 10-ke band-
width at 6 db from Eq. (1), @ =Wfo/fe»
= 1.4 X 455/10 = 64.

Frequency Response of Parallel
Resonant Wave Traps

HE two-branch parallel circuit in Fig. 1,

commonly called a wave trap, is very
widely used in both communication
and power networks, for power factor and
voltage control in power systems, and
for tuning and filtering in communication
systems.

The results of a complete mathematical
study of the current-frequency response
of the wave trap are given here in a
readily usable form.

A mathematical analysis of the total
current as a function of frequency may be
carried out, for constant generator voltage
E, by studying the admittance expression

. R K¢ z
¥= \/ Rt + deipLe T i
De? 4+ e
T

1 2
+ 2rfL B 2./C
R1? + 4x?f2L2 . 1
fe + g

Also of interest is the phase angle
between the generator voltage and the
current flowing into the parallel circuit.
This angle, given by

o = tan-1 2022t — XiZct
ReZ1? + RiZc?

is positive if current leads voltage.

A graphical representation of the
behavior of the wave trap is shown in
Fig. 2. As shown, there are five general
forms of the admittance or current-
frequency relation. In addition to the
well-known constant and minimum value
relations (curves Y5 and Y, and the
corresponding 65 and 6; curves) there
are the maximum value (Y3), decreasing
(Y,), and increasing (Y:) admittance
functions with the corresponding phase
functions 6;, 6 and 6. As may be

By MYRIL B. REED

shown mathematically, these five pairs
of curves constitute all possibilities.
The relative frequencies at which the
maximum or minimum values of Y
and unity power factor resonance occur
are shown on the curves and in the
tabulation below.

It is ordinarily difficult to determine
which one of the five admittance-fre-
quency responses a particular wave trap
will have. However, by means of the
following system of inequalities, it is
easy to determine such features of a
wave trap as: whether it will resonate,
whether resonant frequency, if it exists,
is at a higher or lower frequency than that
at maximum or minimum admittance,
whether the admittance function has a
maximum or minimum, and whether the
angle 4 is lcad or lag.

In the following table, let

fr = resonant frequency (current and
voltage in phase)
fm = frequency at which minimum cur-
rent occurs
fu = frequency at which maximum cur-
rent occurs
L = inductance in the inductive branch
C' = capacitance in the capacitive branch
Ry = resistance of the inductive arm
B¢ = resistance of the capacitive arm

Fig. 1.—Circuit diagram of parallel resonant
circuit with resistance in both arms, for which
the accompanying analysis applies.

Then, depending on the relative magni-
tude of RcR L with respect to that of L/C,
there are three possible cases to be
analyzed, as shown in the table. By
proper selection of the appropriate circuit
conditions, the table may be used to
determine the circuit response for any
possible physical condition that may be
encountered.

The use of this system of relations can
best be illustrated by an example.
Assume R¢ = 2,000 ohms, R; = 100
ohms, L = 1 henry, and C = 10-5 farad.
Then

RcRL=2X105>105=g

2 — 6 L, 2 _ 104 < &
Re 4 X 10 >CandRL 10 <C’

2
(RLz +g) = 121 X 108 > 42 X 108
= 2R12(R1? + RcRL)

From the third from the last row of case
III the admittance equation is a de-
creasing function (see Y, of Fig. 2)
which will never be resonant, and, since
Re < Ry, from case III, 8 <0, or the
circuit power factor is lagging for all
frequencies as shown in curve 6; of
Fig. 2.

If B¢ =1 ohm, Ry = 100 ohms, C =
10-% farad, and L = 1 henry

; Re? < é'a,nd R.? <%

L
ReRr < 7 o

c

hence from case I the admittance has a
minimum, f. at 50.2 cycles, as shown by
curve Y, of Fig. 2. Also, since R¢ < Ri,
the minimum admittance is at higher
frequency than resonance, f, = 45.3 cycles.
Also, from case I, 8 > 0 or leading for
frequencies above resonanece and 6 < 0
or lagging for frequencies below resonance.



368 ELECTRONICS FOR ENGINEERS
i /Zann N REEp==
i v/ i o]
=} \ / b j[ (64
26 jEvm £ 40
'E \\/ : ‘ 1Y ':é‘ / [
3 // L e
,E \ /7 55 ug ] |
E A N —
R N
T\ sy et A
0 fns Lu:: V/fm,J - ‘\__/ T
0 40 80 120 160 200 5% 40 80 120 160 200
Frequency-cps Frequency-cps

Fig. 2—Admittance- and phase-angle curves used in example but typical of all possible operating conditions of LC circuit.

65 = 0.

Admittance, Resonance, and Phase Relations for Parallel Circuit

For all frequencies,

Circuit element relations

Response-frequency relation

Case I: ReR1., < L/C

Ry > Re, fu >f -~
Ri2 <L/C R —f =L
Rot < Lyc) Br = Bestn =fr =0 s
By < Re; fm < fr
R =L/C; Re: < L/C
R;2 <L/C; Re?2=L/C
Rp2 < L/CY ((Be? + L/Cy2 > 2Rc*(Re® + ReR:r)
Rc? > L/C} {(Rc2 + L/C)® £ 2R¢*(R¢* + RcRL)

Ri2 > L/CY ((R.2 + L/C)* £ 2R12(R1? + RcRy)
Re? < L/C} {(RLZ + L/C)2 > 2R} (R1? + RcRL)
Case 11: Rch, = L/C

Ri2 <L/C

Ret > L/C

R > L/C

Ret < LJC

Ri2 = Rt =L/C

Case I11: RcR1 > L/C
R > Re; fm > fr

Ri2 >L/C} Ry = Re; fm =fr =

Re? > L/C) \Ri < Rc; fm > fr

R:2 =L/C; Re?2 > L/C

R.2 > L/C; Re? = L/C

Ri? < L/C} { (Re?* + L/C)? < 2R1*(Rz? + RcRy)
Ret > L/C (Re2 4+ L/C)? Z 2R12(R1? + RcR1)
Rz > L/C}{(Rc2 + L/Cy* = 2R¢*(Re® + ReRyL)
Re* < L/C) \(Re2 + L/C)? < 2Rc%(Rc? 4+ RceR1)

1
2« VLC

e s st

Curve has a minimum at fm

Y decreases; curve has no maximum or minimum
Y increases; curve has no maximum or minimum
Curve has & minimum at fn

Y decreases; curve has no maximum or minimum

Y increases; curve has no maximum or minimum

Y = A/C/L, and curve is constant for every frequency

Curve has a maximum at fn

Y decreases; curve has no maximum or minimum
Y increases; curve has no maximum or minimum
Curve has a maximum at f.

Resonance and phase
relations

Circuit is resonant
F<fr;8<0

f=f;0=0
f>f;0>0

Cireuit is not resonant

Ry > Re; 6 >0
Ry < Re; 0 <0

Circuit is not resonant
RL < R¢; 6 <0
Ry > Re; 0 >0
Circuit is resonant at
every frequency
= 0 always

Cireuit is resonant
f=f;06=0
f>f0<0

f<f;8>0
Circuit is not resonant

Ry > Re; 6 >0
Ry < Re; 6 <0
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Narrow Band-pass Filter Performance

By HARRY HOLUBOW

Charts enabling one to design quickly a filter of desired characteristics.

frequencies and coil Q, the minimum attenuation, attenuation at cutoff frequencies and

the actual curve may be obtained. Time spent in trial design is reduced to a few minutes

FOR control or experimental purposes,
filters of the type that pass only
narrow bands are often used. These
filters may be symmetrical (constant K)
or unsymmetrical in general type; the
characteristics of the two types differ
somewhat, and it is to the advantage of
the engineer to be able to determine
quickly which type he should employ.
By means of certain simplifications in
method, it is possible to use the nomo-
grams given and derived here without too
much loss in accuracy.

In addition to symmetrical band-pass
filters with constant K, unsymmetrical
filter types III, and III.* shown in Fig. 1
are of considerable importance. Although
the attenuation characteristics of these
two types are not so steep as those of
the constant-K type, their inherently
lower insertion loss at the mid-band

either of the two types of filters is not
symmetrical, the attenuation being much
greater at frequencies above the pass
band with type III,, and below the pass
band with type III.. Because of the
higher impedance at frequencies away
from the pass band, type III; is used
in preference to type I11..

The performance of these filters may
be predetermined either from the relation

cosha=1+%
2

or graphically from Z,/4Z,. It is, how-
ever, felt that both of these methods are
too lengthy, and much quicker methods
can be used.

Considering filter type I11,, and neglect-
ing dissipation in the capacitors, the
following relation may be obtained for the
series arm impedance Z; at any fre-
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For given cutoff
is obtained
g, _ ;2R —F) 2RF
V=i R —Fy T Qwm, —Fy
Similarly, the shunt arm impedance is
_ (F 2 + F)R
Ze= i —
Then
Z, _ _ 2(F—Fy)
27, (Fo — F\)(F: + Fy)
b
I Q@ —FoF F Y
or
Z, _ _ 2(F: —Fy) 2F*
27, = ~ Fp—Fq Tigue—Fm O

Filter Performance

The theoretical attenuation of the
filter may now be determined from the
relation

. UF? — F,2
frequency makes their use desirable for quency F cosha =1+ 272 =1- H
certain applications. This is especially Z. = i9FL. — i + 2xFL, .
true in the very narrow band-pass filters S et e Q The relation
where the insertion losses at the mid-band . . Z, 2(F2 — F,?) (F/F): —1
frequency of the symmetrical filter be- Wh:jre Qf =t 2nFL {ir ='1/t ‘f; d ls.tile dlSSl; 27,  F—Fg7 - —2(——172 TPy =1 (2)
come too large. The attenuation of fl?elzgil actor, and 7 1s the resistance o (I«’/Fz)2 — (F,/F3)?

: 1 — (F1/F,)?
* S ,T.E.,“T ission Networks and W. 1 i
F; ilt.er!:,l’u'A p. 316, D.ﬂ;’n::nl?;;g?ran?i vg;mp:?ly, 13:: Insex:tmg the e).ipres?su?ns for Ll and.Cl - 2 [1 + M] (3)
New York, 1929, from Fig. 1, and simplifying, the following 1 — (F1/F;)?
¢y
Ly 1 L= R O—I I—‘ c. = Fat Fy
I 1 F(Fz-Fl) i1 arw FFRR
: : : I _L c F,-F L, = AFoFa)
1 47 F‘ZR C, Ly 27 47 FyF,
T o e
€2 TE+RR 27 TFRF-FR R
TYPE TI, TYPE III 4
__

Fig. 1.—Types of unsymmetrical band-pass filters; type lll; has greater attenuation above pass band; type Il has higher attenuation below pass band.
Type lll; has higher impedance at frequencies away from pass band. R equals terminating resistance; F; equals upper cutoff and F, equals lower cutoff

frequency.
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Characteristics of Filter Having Antiresonant
— T S S Shunt Arm
w ¢ - ~ " ~225 38 8 & 3 o .
- 0T - MR R - Similarly, for the band-pass filter type
:—f ITI.shown in Fig. 1, it may be shown that
Zy _ —J2F 2 + JQF? — Fa?)]
27, (Q —JL)F(F® —Fp?)
' T T T 1 After eliminating the imaginary in the
s “ 2 23 A I R denominator
INSERTION LOSS IN DB
Z, _2FF* —Fy) + 2F,2
. 2Z,  FF:-—F) T QFe2 —Fp)
1 — 2F1 + 2F12(F2 Fz’)
2 5 2 535858 5 g ve 882 igwe =7 Terue =)
I —lil T "}_TII }_TII l_l‘ll T L IL ll |I L ll‘{ . .
N 2 £ 9252z B N e ¢ ow o The expression of Z,/2Z, is much more
(R e e T T ¥ complicated than the one obtained for
Fa type II1;. It may be simplified, however,
by neglecting
2F,2
m | S5
2 s s % % %% ogop o CROEE
INSERTION LOSS IN DB ) . . .
The error introduced by this omission is
slight even if @ is only 25 and F/F\? is
1.02. Then
F2
Fm’-w . e w e N N i _2F X (F? — Fy) o 2F,*
2y 2 3% 88888 % 3 3 22, - PFp —F) QR —F)
l | 1 1 3 i ] L 2F12(F2 F22
tigrws —Fy @

Fig. 2.—Alignment chart giving insertion loss in filters described. F; and F; are the cutoff fre-
quencies; F is any frequency inside the pass band. Upper three scales are for reglon below Fy;
lower scales are for region above F.

The two alignment charts in Fig. 2 are
constructed using relations (2) and (3)
for Z1/2Z; in the formula

COSha=1+§ZZI~

and may be used for a quick determination
of the theoretical performance of type
III, filters since Fig. 2 gives the attenu-
ation at any frequency in the pass band
and Fig. 3 gives the minimum insertion
loss.

Unlike the constant-K section, the
lowest insertion loss for this type of
filter does not occur exactly at mid-band,
but takes place when

— P2 _
2 F2 iy 1
for in this case
L Zi . 2
cocha =1 +—27 =j Q2 =T

and « is a minimum. Solving,

F2 Py

2pg—Fe - L

We have
F? = 0.5(Fs? + Fi?)

or the point of minimum insertion loss

takes place for a frequency
F = 0.707 \/Fs* + Fi? )
At the point of minimum attenuation

F +F2 _ (Fy/F)? 41
Q2 —Fi5) ~ QUF/F1)? —1]

The nomogram shown in Fig. 3 is based
on this equation. At the cutoff point

cosha =

5

where F = F,,
Z, _ . 2F
27, Q2 —Fp)
d h 1+ __2Ft 6)
an cosh a = 7 Q2

— F?)
while at the cutoff point F = F, the
attenuation may be expressed as

2F,?

cosha = —1 +'7Q(F2 (7

—F)
Alignment charts in Fig. 4 may be used to
find the insertion loss at the cutoff points.

Now the entire response curve of the
filter may be found by using Fig. 2 to
determine the attenuation within the pass
band. The minimum attenuation and
the attenuation at the cutoff frequencies
can be found by using Figs. 3 and 4,
respectively. The approximate perform-
ance is found by drawing a curve through
these points.

While the equation for Z./2Z, still
seems somewhat complicated, it can be
handled quite easily. In the method
just outlined, the imaginary part of the
expression Z,/2Z, is used mainly to
calculate the performance at F, and F,,
and the minimum insertion loss from

Eq. (8). WhenF =F,,
Z . oFg
2'—Z; = -2 =J Q(F22 —‘F12) (9)
and when F = F,,
Z, .  2Fp
22, " Toqwa-rn 10

Equations (9) and (10) are the same as
(6) and (7) except that the insertion loss
at F, for type IIl. is the same as at F,
for type III, and at Fs the same as Fi.
The alignment chart in Fig. 4 may then
be used for both types except that the
values for Fz and F, are interchanged when
applying to a type III, filter.
In the same manner, the real part of
Eq. (8),
2F,2[1 ~ (F2/F)?
Fpt — Fy?

compares with the real part of Eq. (1)

which can be written as

2F 1 — (F/F)%
F2 —F2

From these relations it can be seen that
the theoretical performance of type III-
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band-pass filters. Reflection losses do not appreciably affect these values.
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Fig. 7.~—Insertion loss of cutoff points in constant-k filter.
attenuation will be greater due to reflection losses.

filters may be obtained from the align-
ment charts in Fig. 2 if for values of
F,/F the values of F /F, are used; similarly,
F/F, of type III; are used to calculate
F/F, of type IIl..

The point of minimum ingertion loss
in this type of filter occurs where

_ VR
VF? +F?
Substituting this value for F in Eq.

(10), the expression at minimum insertion
loss is

(1)

F.? + Fy?

cosh o = W’)

This 18 similar to Eq. (5), and the nomo-
gram in Fig. 3 may be used.

Actual

when

Thus we see that the performance of
both filter types may be obtained from
the same set of alignment charts.

Application to Constant-% Filters

The charts in Figs. 5, 6, and 7 are
obtained in the same manner for use with
the constant-k type filter, and are
especially applicable in calculating the
performance of narrow-band filters. None
of these charts takes into account reflec-
tion losses. The actual attenuation in the
constant-k type and type III; will be
greater than obtained at points away from
the mid-band. The performance near the
mid-band will not depart greatly from

Fig. 8.—Calculated performance of constant-k versus type Ili; filters

coil Q is assumed equal to 50.

the values obtained by means of these
nomograms.

To compare the performance of the
two types of filters, calculated per-
formances of type III, and of the con-
stant-£ type are shown in Fig. 8.

The Q of the coils were assumed to be
50, and the ratio Fy/F, for the two types
was selected so as to give the same mid-
band insertion loss. The ratios are 1.09
for the constant-k type and 1.04 for the un-
symmetrical type. From the curve we
can see that if the performance in the vi-
cinity of the mid-band is more important
the unsymmetrical filter may be used.
The saving in space, weight, and cost will
be approximately 20 per cent.

Attenuation Charts for Band-pass and
Band-rejection Filters

TEE following discussion represents sim-
plifications in methods of calculating
the performance of band-pass and band-
elimination filters, especially when it is
yecessary to allow for the dissipation in

By H. HOLUBOW

the coils. The usual notation holds, .e.,
F, and F, are the critical frequencies
(cutoff), F., is the median frequency in
the critical band, and R is the terminating
resistance.

Band-pass Filters

Although there are a number of net-
works that may be used as band-pass
filters, the constant-k type, shown in



Fig. 1, is most commonly employed. In
this structure, the product of the series
and shunt element impedances Z; and Z,,
respectively, is a constant equal to K2
The expected performance of the band-
pass filter is usually obtained graphically
from the values of Z,/4Z,. These values
are usually given in texts and handbooks
in terms of the cutoff frequencies. The
calculation of Z,/4Z, becomes quite
cumbersome when dissipation must be
taken into account, but the simplifications
that follow are useful in that they do not
entail much sacrifice in accuracy.

The impedance of the series arm Z; at
any frequency F;; may be expressed as
follows by substituting for L: and C the
values given in Fig. 1:

. .1
Z, = j2aF,Ly — § 32F 1:Ca
iy [ 2zRFu 4nF P\ R ]
a(Fy — Fy) 2«F(Fs — Fy)
Simplifying,
o (F112—'F2F1)
L=k g -

The impedance of the shunt arm
1
+ j27l'F1102

Zz = 1
j21l’FuL2
s 21I'F11L2
- J 1 - 47I'2F112L202
Substituting for L. and C their values
from Fig. 1,

Zs = j BEn(F: = F))
?EIGEF — FuY)
whence
__é = 2(F112 ;F2F1>(F2Fl - Fllz) (1)
27, F2(Fy — Fy)?

The attenuation of the band-pass
filter at any point may now be calculated
from the relation

cosha =1+ — 2Z2

or graphically from

Zy
iz,

This equation, however, is cumbersome
to use, but the following simplification
can be made:

For any point on the filter curve
corresponding to Fy there is another
point Fzz sueh that Fanz = Fle = F,,.z.
Substituting F11Fs, for F1F, in Eq. (1),
the following is obtained:

Z, 2(F11 — F11Fes)(FpaF 11 ~ F112)

2Z, Fi2(Fy — Fq)?

2(F1 — Faa)(Fy2 — Fuy) = —2
(Fp — F1)?

(Fos — F1y)?
(Fy — F1)?
(2)

TUNED CIRCUITS

R

L CI'_. Li w(F-Fy)
Ulhgy Fo-F

2z . 2.1

' = ImERR

QT 28l (R

L= 4aFF,

_

C= T{F,-F)R

Fig. 1.—Constant-k band-pass filter circuit.

This may now be written as
Zy 9 Fa 1)2

27, = 2\Fm @)

where Fa: is the band spread at the
points of determination (Fi,, Fi), while
Fa is the band spread of the filter between
points Fo — F1. A curve (Fig. 2) may
now be made that will give the theoretical
determination of the attenuation at any
point of any constant-k band-pass filter.

Attenuation in Filters with Dissipation

The attenuation of a band-pass filter
obtained by means of the curve in Fig. 2
assumes no dissipation either in the
reactors or capaciters. The dissipation
in capacitors is usually small and can be
neglected; the dissipation present in the
coils, however, is considerable, especially
at the audio frequencies. In the ideal
filter there is no attenuation within the
pass band, while in an actual filter the
attenuation within the pass band may be
considerable, especially in the narrow
band-pass filters. However, if the attenu-
ations at the mid-frequency F,. = FiF,,
and at F; and F» are known, the response
of the filter may easily be determined.

In the constant-k band-pass filter at the
frequency Fu, X1 = Xc1i, and Z; =
2zF . Lid, or Zi = (2aF,L1)/Q, where d is
r/(2xFL) or Q = (2xFL)/r (r is the
equivalent series resistance of the reactor
and L; is the series arm inductance).
In terms of the cutoff frequencies (Fig. 1),

20FnR  _ 2F.R
Qe(Fy —F1))  QF: — F)
In the shunt arm, X ;2 = X¢2, and assum-

ing dissipation present in the inductances
only,

Z, =

X2 Xco2 — jrXce XroXer .
0 $P o R
or Zy = QX1 — jX1s

Inasmuch as the @ of a filter choke is
seldom smaller than 20, the reactive
component jX, may be neglected and,
from Fig. 1,

F,.(F, — F)R
41rF 1F 2
_Q@. —F)R
2F .,

Zy = QX12 = 24Q

33

Z, 4F ?

and B "o Ty
and Q’ (F2 — Fx)
at Fy =Fn

Attenuation at f,,

The attenuation at the mid-band fre-
quency may be found from tables of
hyperbolic functions where

cosha=1+§7izl—

when « is the attenuation in nepers.
However, inasmuch as o at the mid-band
frequency is less than 1 neper, the
following approximation may be used:

cosha—1+2'+4|

Using the first two terms

az__ Z1
Lra=1+37,
or
— Zl
a = Z_z a Fnepers 4)
7.3 F,,.

The error from using this expression is
less than 4 per cent for « less than 8 db.

Attenuation of a Cutoff Frequency F;

In the same manner it may be shown

that at F,
F, Fy — Fy
2( . T, )
. F, — F\?
(1—;d>(%Fm )

where d is the dissipation factor of the
filter components. Performing the indi-
cated operations

ﬁ =2 X
* () +7ir, (“ =) - (Br
7 —F B d(Fg —Fl)
Fn J Fu
Inasmuch as d is usually small, all terms
containing d? or d? can be neglected.

222 2( 1+ j2d F +_7d)
F2+F1)

A
27,

-2 4 j2d

]

]

Py +F1)

—2+7 Q F.—F,

The attenuation at F, or F» may be
obtained from the curve in Fig. 3 where
the abscissas are in terms of

FZ +F1 F2+F1
o -Fy % YR
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Fig. 2—Curve showing attenuation of band-pass filter without taking into
account resistance in coils or capacitors.

To illustrate the procedure in the
design, let us assume that it is required to
obtain the expected performance curve
for a band-pass filter when F, = 3,000
cycles, F» = 4,000 cycles, and the dissi-
pation factor of the coils is 0.04(Q = 25),
and in which F,. = /4,000 X 3,000 =
3,450. The theoretical performance of

the filter may be calculated as shown.
Fs: | Attenuation,
Fu Fol db

2,800 | 4,300 | 1.5 17
2,600 | 4,620 | 2.02 22.5
2,400 5,000 2.6 28.0
2,000 | 6,000 | 4.0 36.0
1,500 | 8,000| 6.5 4.5
1,200 10,000 8.8 50

In this table either F'11 or Fz, is assumed
and the other frequency is calculated from

F1F2 F1F2
Fa or from Fu
Fa, _ Fyy — Fu
and Fa = F. = F,

The attenuation in decibels is obtained
from Fig. 2. The insertion loss at Fn
is obtained from Eq. (5) and is

17.3 _ 3,450

o5 X P

25 “ 1,000 24db

The insertion loss at F, and F, is 7.6 db
(obtained from Fig. 3). The expected
performance curve of the filter is as
shown in the heavy line on Fig. 4.

Band-rejection Filters

The band-rejection filter does not find
as wide an application as the band-pass

Fig. 3.—Attenuation of band-pass filter at the critical frequencies F,
and F; when the coils have dissipation.

able to predetermine the performance of
this type of filter. There is only one
type constant-k structure that is com-
monly used, as shown in Fig. 5.

Using the same method of analysis as
in the case of the band-pass filter, it is
found that

Z1 F2—F1 FA

filter. Nevertheless, it is desirable to be 27, —2F22 —Fu —2 Fa:
0 Ph
N j« Perfect filter
0 I
' \
s}
£ \
£ \
-—
g; ,/ \\\
3 /
T 40 N
< ) N
50 d &
60
| 2 3 4 5 6 78910
Frequency in Kilocycles

Fig. 4.—Performance curve of band-pass filter as calculated by the methods outlined in this article.
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Fig. 5.—Band-eliminstion filter of the constant K
type in which the series and shunt reactances are
as shown in terms of the terminal resistance R.

This relation is similar to that obtained
for the band-pass filter except that
Fs — Fy and Fiy — F1y are interchanged.
The theoretical performance of a band-
rejection filber may be then obtained
from the curve in Fig. 2, using Fa/Fa; for
the abscissas.

At mid-band frequency 27FL =
1/(2xFC) for both the series and the

TUNED CIRCUITS
shunt arm. At F.,,

2Fn(Fy — F1)RQ

Z, = 27F,L.Q = T,
g, _ ZFnls _ FuR
Q T 2(F.-F)Q
Zy _ , (Fe— F1)*Q* _ (Fz—F) o
2z,  ° F.F,

Attenuation « at mid band may be

obtained from the relationship
cosh o = 1 + 2Z2

13 e—a

where cosh a = 5t

Inasmuch as the attenuation is usually
large,

e _ _Z_L 2(F2 — F,)2Q
2 37, = F,.2?
_ F2 "-Fl 2
or e = [2 —F. QJ

375
The attenuation
a = 2log, 21?21;,—'"1?1 Qnepers
or a = 40 log,o 2F Q db

At the cutoff frequencies ¥, and F,
F 2 Fo —F1 d (Fz - F

T e

Fu F.,.
Simplifying and discarding terms con-
taining d? and d?, we obtain

2z, _
2Z, (F2

Z, _ o Fe +Fy
37, = ~ 2 PE T,
o Fo 4+ Fy
= _9 o trrl1
2-2w Ty

The attenuation at points F, and F,
for a band-rejection filter is obtained in
the same manner as for a band-pass filter,
from Fig. 3.

Band-pass Characteristics

By HENRY W. JADERHOLM

Charts relating the coefficient of coupling between two coils to the

bandwidth passed, in terms of the reactance-to-resistance ratio (@

values) of the coils, useful in the measurement of coupling coefficients

THE chart shows the relation of coupling
and circuit constants to the band-
width passed by two coupled tuned
circuits. Values of @ are given for the
abscissas; this quantity is defined as
2ufL

Q= Na 1
where f is the frequency of operation
(assumed to be 2,000 ke for this chart),
L is the inductance of the coil, and R is
the resistance of the coil and tuned
circuit. If both circuits have the same
value of @, that value is used. If the
two circuits have different @ values, the
geometric mean may be used

Q = VQ.Q:

where @ and Q: are the values for the
two circuits, respectively.

2)

Coupling-bandwidth Relations

The ordinates of Fig. 3 are values of
k, the total coefficient of coupling between

the coils, which is a combination of
electromagnetic and electrostatic linkage
between the coils and attached circuit

sents the total linkage of the two circuits.
The figures on each curve refer to the
width in kilocycles of the band passed by

elements. The coefficient k¥ thus repre- the circuits. This bandwidth has been
4 5
\ | L
esonance I Res.freq= 2,000Kec.
(peck separa tion)
[T ] 4 ~
1 —
3 1% / times input at res.
+ . — - /)
£ £2X 3
© Ligx S ;
o i N
o 2 prse d‘_‘ 2 )
* 2.0%__j—1 «
2 -
3.0% ! /
1 7 -~
50 100 150 00 25 50 75 100
Q=Q,= Q2 Band-Width at 1L.2xin Ke.

Fig. 1.—Coefficient of coupling k against circuit

O for a constant band width of 60 ke and various

voltage ratios. Note that the line for 1.2 times
input is nearly horizontal.

Fig. 2.—Relation between band width (at 1.2
times) and the coefficient of coupling, taken ata
resonant frequency of 2,000 kc.
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Fig. 3.—Chart giving band-pass filter characteristics.

taken for two values as shown in the
legend, one family of curves for a voltage
ratio of 1.5 and another for a voltage
ratio of 10, where the voltage ratio is the

input off resonance

- for constant output,
input at resonance

according to the definition of selectivity
for receiving apparatus, which is com-
monly used to define properties of a

single stage as well. A curve for critical
coupling is also given, as are lines of
constant peak separation for the case of
“sufficient’” coupling.

If any two of the three quantities
represented (@, k, and bandwidth) are
known or can be measured, the third may
be found from the chart.

Figure 1 has been calculated for a

constant bandwidth of 60 ke, and shows
the relation between @ and k for various
voltage ratios from 1.1 to 3.0. It will be
noticed that the lines for ratios between
1.1 and 1.4 are approximately straight
and horizontal. Thus at a voltage ratio
of 1.2, the bandwidth can be used for
direct measurement of coefficient of
coupling. This relation has been shown



in Fig. 2, which gives the total coefficient
of coupling directly in terms of band-
width measured at a voltage ratio of 1.2
times (resonant frequeney 2,000 ke).

Determining Coupling and Q Values

The total coefficient of coupling and @
value may also be found from two band-

TUNED CIRCUITS

width measurements, in conjunction with
the chart (Fig. 3). These bandwidth
measurements should be made at voltage
ratios of 1.5 and 10 times, to agree with
the chart. Where these bandwidth lines
intersect, a point is obtained which gives
the coefficient of coupling and the value
of . Should the value of @ in the two

317

coils be different, the value indicated is
the mean value of the two.

Although the chart has been- prepared
principally to aid in testing and to aid in
determining values of @ and k, it may be
useful in design, provided that the filter
is to operate at 2,000 ke, since this fre-
quency is assumed as a basis for the chart.

Superheterodyne Oscillator Tracking Chart

IN superheterodyne receiver engineering,
the oscillator-capacitor tracking de-
sign is now considered as one of the more
or less cut-and-dried problems. How-
ever, the calculations usually involved
have been a nuisance to the engineer
inasmuch as one value of capacitance per
band or less is all he needs to know, and to
get this he must wade through one or
more rather long formulas.

The results presented here are an effort
to simplify the general solution of the
problem, together with a chart laid out
for rapid design.

In Fig. 1 we have r-f and oscillator
circuits whose frequencies are separated
by the intermediate frequency. With C,
the same value of tracked variable
capacitance in both circuits, we desire to
choose Cz and C: to be such values as to
cause the oscillator frequency to track
more nearly the r-f circuit than if C,
were shorted out and C; were given the
entire tracking responsibility.

The value of inductance of the oscillator
circuit must be adjusted to place the
circuit in the correct frequency region
(e.g., 1 to 1.5 Mec or 10 to 15 Me, ete.),

L L
71 Cs ﬂ Cv
R-F Circuit
|
11}
Co
NP
7] < 7 v

Oscillator Circuit

Fig. 1.—Radio-frequency amplifier and os-

cillator circuits in which are the trimmer and

padder capacitors whose relations are outlined
in this short cut to the tracking problem.

By P. C. GARDINER

but this value can easily be found after
the capacitances are known.

The inductance need not clutter up our
straightforward reasoning. The capaci-
tances and frequencies are all we need to
obtain an equation containing C,, C,,
C,, F1, and Fi, where F; and F, are,
respectively, the low and h-f limits of the
r-f band. Furthermore, a direct solution
for any one of these five quantities need
not be made, since for normal given
conditions enough values are usually
known to produce a quick solution from
the following equations, or from the chart.

No attempt has been made to cover the
case where C; lies between C; and C,.
However, even where C, is in the same
order of magnitude as C.,, the solutions
given are sufficiently accurate for use
with this circuit position of C..

Other special cases, such as that of a
coil of high distributed capacitance, are not
covered for the simple reason that in
practically all cases the results fall very
close to those given.

In the r-f circuit

let F, = lowest r-f frequency
F, = highest r-f frequency
C, = AC of variable capacitor
C. = r-f parallel capacitance
X = multiplier of C, necessary to give
mid-track point

.

Then
F2_Ci+C, or C _  Fp (1)
F.2 C, C, F.2—F,2

Now assume r-f mid-track frequency
F. to be the geometric mean of the
extreme frequencies. (Caleculations show
that the arithmetic mean or other
approximate center frequencies give prac-
tically no error from the following.)
Thus,

= C
=\/F1F2=F2\/m

or CQ =X Ff_;pl @)
Combining Egs. (1) and (2) X = P
g . SFTF
In the oscillator circuit
let fi = lowest oscillator frequency
=F, +1F
fm = oscillator mid-track frequency
=Fn+1F
f» = highest oscillator frequency
=F,+1F

C, = fixed capacitance including trimmer
and all minimum capacitance in
parallel with C,

C» = series capacitance

C(Cy + C))
fz C,+C:+0C,
Then 7 =0
i +C:
) R A Gt
or\ja—1t)=4 01+Cz+0.,)

3

Co(C, + XC,)

f¢ Tt G XCs

fm C,C,
Tt + G
or ;i:, - 1)% - B
e

= (C’, +02+X_0) @)

From Egs. (3) and (4)

4 _C+ G+ XC, ®)
CI+C2+Cv

01—0(A XBY _¢, (8

Putting this into Eq. (3)

C: (4 — XB) -
¢, (4-B)y
A-xag_ “4-B
From Eq. (6) we have
C A-XB C
611; = B — A4 - (—f) (8)

Equation (7) is plotted on the chart as
a family of straight lines, and C. is called
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Fig. 2.—Design chart for determining series and shunt capacities for tuned circuits in single-control supetheterodyne receivers.

series capacitance or padder. Equation
(8) is plotted on the chart as a single
curve, and C,is called parallel capacitance.

Example of Design from Chart

The use of the superheterodyne tracking
chart may be made more clear by means of
an example involving a numerical result.

Let the upper and lower carrier fre-
quencies be 15 and 10 Me, respectively,
and let the intermediate frequency be
3.0 Mec. Let the tuning capacitor C,
have a capacitance of 50 uuf at 10 Me.

The problem is to determine i and Cs,
the shunt and series capacitance respec-
tively, and the tuning inductance L.

The tuning ratio is the ratio of the
limits of the r-f spectrum, or 15/10 = 1.5.
The ratio of the intermediate frequency
to the higher carrier frequency is 3/15 =
0.20. Using the first of these values, we
determine for an r-f tuning range of 1.5
that the value of (C:/C,) = 0.85, from
the smaller graph. At 10 Mec, C, = 50
uuf and therefore C1 = 4214 ppf.

Using the larger graph, we enter the

chart at the bottom corresponding to a
value of 0.2 and follow vertically until
we reach the 45-deg line representing an
r-f tuning range‘of 1.5. Then, projecting
to the left, we find (Cs/C.) = 0.7 and
hence €z = 35 uuf at 10 Mc. The three
capacitances are thus determined.

The capacitors C; and €, in parallel
are equivalent to a single capacitor
C of 9214 uuf. The series capacitance,
C, in series with C, gives a resultant
capacitance of 26.8 puuf, so that the
required inductance is 10.7 uh.
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WIDE-BAND AMPLIFIERS

Compensated Amplifier Chart
Distortion in Compensated Amplifiers
D-c¢ Amplifier Design Techniques .

Thermal Noise in a Parallel RC Clrcult

Compensated Amplifier Chart

By Y. J. LIU and J. D. TRIMMER

THE accompanying chart is designed
to give relative values of the gain and
phiase shift of one stage of a resistance-
capacitance coupled amplifier which is
compensated by the addition of certain
elements to its load impedance. The
actual and equivalent circuits of such an
amplifier stage are shown in Fig. 1. The
chart is based on the equivalent circuit,
which includes in the shunt capacitance
C,, the interelectrode capacitances of the
tube, and stray wiring capacitance of
the coupling circuit.

The gain of the amplifier stage and also

the phase shift between E, and E; can be

determined so that (A,/A, = 1/A/X2+4 ¥?
and 0; = tan~! (Y/X), where A, is the
gain at any frequency f and A, is some
particular value of gain used for reference;
6, is the angle of phase shift between
E, and E,, positive when E, lags behind
E;;and X and Y are quantities depending
on frequency and on the various circuit
elements.

The expressions for X and Y can be
simplified, for very high frequencies and
for very low frequencies, to the same form,
with parameters ¢, A, and B to be defined
later,

(¢/B)?

_ q/B
Y= Ay /my @

The chart is simply a graphical method
of finding X and Y for any given values of
g, 4, and B and also of finding A,/A,
and 8, for any values of X and Y.

The simplified forms of Egs. (1) and
(2) are obtained only by making certain
assumptions. (1) The ratio C,/C, is
considered so small compared with one

that it may be neglected. (2) L/CiRR.R.
is much smaller than one. (3) R. and
R, are of the same order of magnitude.
(4) The time constants Cy;R; and C.R,
are of the same order of magnitude.
These four conditions are easily met in
design practice and do not restrict the
usefulness of the method.

The values of ¢, A, and B for use in
Eqgs. (1) and (2) and in the chart may be
defined more conveniently by first defining
the resistances

1
Ry _1_ 1+ 1
Rﬂ »
1
Rr =R+ 54—

_ R,R,
Rii = R [1 T RAR. + By + Rd)]

where the subscripts H, L, and Ld refer,

respectively, to high frequencies, low
Cc
.- 11l e
X 1 A
H L
R Rg
Es ¢ Eo
: c Rg L :
. d = :
Y T+ T .
(a) Actual circuit ,
Rp _L
Cs Eo
“TeT -l_
E=-pEs (b) Equuvalen+ circuit Yol
Fig. 1.—Actual and equivalent amplifier
circuits.

379

frequencies, and low frequencies with
decoupling.
Then for high frequencies,
gy = 27rfC,,R}1
Ag =21
- C:EuE.
By = L

and for low frequencies,

1
qrd = 7 2rfC R
Aps = R.R,R,
RrsR:(R. + Ry + Ra)
[1 _ CiR4R, ]
CcRg(Rc + Rd)
CdR¢Rc
B

e C.Rra(R. + Ra)

As previously stated, the wvalue of
A;/A, is given on the chart. The
reference value is A, = Rr/R,. This,
multiplied by the tube’s amplification
factor, is the gain of the uncompensated
amplifier in its medium-frequency range,
and, if compensating elements are chosen
in accord with the conditions listed above,
it is also very closely the gain of the
compensated amplifier in its medium-
frequency range.

The dotted lines on Fig. 2 serve to
illustrate the use of the chart. Suppose
the h-f parameters are Ax = 0.96 and
By = 2.0. The dotted lines show how
values of gain and phase angle are found
for two different values of gu, t.e., for two
different frequencies.

The first step is to locate the value of
¢z on the horizontal scale at the top center
of the chart. Starting with ¢z = 0.8 and
projecting down to the inclined line
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drawn for By = 2.0, the projection is
then to the left and on to the two curves
f:(2) and f,(2), thence downward to the
inclined line drawn for Ay = 0.96. Of
the two projections, the one from f.(2) is
carried to the right; the other is used to
establish the distance below the line
Ay = 0. This distance is picked up and
laid off, on the ¢x scale in the center of
the chart, to the left of the point gz = 0.8.
Projection downward then gives an
intersection establishing values of X

WIDE-BAND AMPLIFIERS

and Y, and also of gain and phase shift.
Here X = 0.855, Y = 0.465, relative
gain is 1.027, and phase shift is 28.9
deg.

The procedure for ¢z = 3.5 (ga greater
than one) differs in two respects from the
above (¢x less than one). In the upper
left of the chart, the 14f,(z) curve is
used instead of f,(z), and the length
picked up from the projection from this
curve to the A z-line is laid off along the
vertical qg-scale. Thus the relative gain
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is found to be 0.322 and the phase shift
85 deg.

For high frequencies, positive phase
angles read from the chart mean lagging
of the output relative to the input voltage.
For low frequencies, positive angles on the
chart mean leading of the output voltage.

For convenience in using the low-
frequency parameters, the frequency
scales are plotted in terms of —1/qz4,
which is directly proportional to fre-
quency; t.e., —~1/qra = 2xfC.Rya.

Distortion in Compensated Amplifiers

By J. D. TRIMMER and Y. J. LLIU

An approach to the frequency and time-delay diserimination problem in wide-band
amplifiers which not only gives a general solution of a given ecircuit but permits
amplifiers to be designed to perform within given tolerances of phase and gain distortion

N order to provide convenient general-
ized expressions for the gain and phase
characteristics of various combinations of
circuit elements and obtain convenient
methods of designing resistance-capaci-
tance coupled amplifiers to meet specified
distortion tolerances, a quantitative ter-
minology relating to distortion must first
be stated.

It is understood here that distortion is
a measure of the difference in wave form
(i.e., time dependence) between the out-
put voltage E, and some standard of
comparison E,. In many instances, E
is the input voltage E;. A quantitative
definition of distortion would have to be
based on a mathematical or physical way
of evaluating the quantity (E, — E.), aver-
aged in some manner over a chosen period
of time. In preference to this, it has
become customary to measure distortion
in terms of its causes, the properties of
the network.

In nonlinear networks, the ratio be-
tween input and output voltages varies
with the amplitude of the input voltage.
The resultant change of wave form (due
to the presence in the output of frequency
components not in the input) repre-
sents nonlinear distortion. In linear net-
works, the ratio of output to input voltage,
though independent of the amplitude,
still varies with the frequency of the
input voltage. The effects of this vari-
ation may be called linear distortion.

Of these effects, those due to frequency
dependence of relative phase may be
called phase distortion; and those due to
frequency dependence of relative ampli-
tude may be called gain distortion. (The
more directly suggested term amplitude
distortion is not suitable because it has,
unfortunately, become associated with
nonlinear distortion.)

Here we are confined to linear distortion,
though many of the statements to be made
would apply directly or analogously to

nonlinear distortion as well. In the
actual ecircuit of the compensated ampli-
fier (Fig. 14), it is the vacuum tube that
is the only seat of appreciable nonlinear
distortion. Hence, considering only linear
distortion, it is possible to use as a basis
for discussion the equivalent circuit of
Fig. 1B, in which the vacuum tube is
replaced by a linear source of voltage
—uE, and internal resistance R,. The
internal capacitances of the tube are
included with wiring capacitances in C,.
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Fig. 1.—Actual {A) and equivalent (B) circuits of the shunt-peaked compensated amplifier »n
which this analysis is based.
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The properties of a network which
cause linear distortion may be referred
to as variations, with gain variation as a
measure of the departure of the gain from
a specified frequency dependence and
phase variation as a measure of the
departure of the phase shift from a speci-
fied frequency dependence.

The problem of compensating the
resistance-coupled amplifier may be for-

mulated and discussed in terms of these
definitions.

Compensation of Resistance-coupled Amplifiers

The equivalent circuit diagram for one
stage of the uncompensated amplifier
would be Fig. 1B, with €y Ra and L
deleted. The gain and time-delay charac-
teristics are plotted, respectively, in
Figs. 2 and 3. For computation of these

characteristics, the complex ratio of
output to input voltage is reduced to the

form?
E, _ (ﬁ‘l) itf = L
Ei Ar 1 +JQ

where @ is a function of the frequency
ratio ¢ = f/f. and the nondimensional
flatness parameter «. The quantities are
defined as follows:

1)

6y = tan"1Q
- Bx
r = Rp
-
Q=1 OE /9
where g = % = 2xf \/C.C.RaRy
_ C.Rr
* C.Ru
Ry — — RoBsEe
By + By 4+ R.
R,E.
R, =R, + %, + R

Since @ = 0 when ¢ = 1, the ordinate
of Fig. 2 is the gain at any frequency f
divided by the gain at the reference
frequency fr. In Fig. 3, the ordinate is
the phase shift (time delay) at any
frequency f (given as the time t; = 6;/2xf)
divided by a reference time ¢ = 1/f.
In this figure, the negative ordinate scale
applies to values of ¢ less than one, the
magnified positive scale to values of ¢
greater than one.

It is seen that the time-delay curve
(Fig. 3) passes through a maximum
positive value at some value of ¢ greater
than one. At this same value of ¢
(call it ¢.), the graph of the phase angle 8,
has its tangent pass directly through the
origin. Forthe large values of & occurring
in practice, ¢. is given very closely by
qn = 1.315 Va. So in contrast to the
gain characteristics of Fig. 2, which are
flat over a frequency range centering

-about ¢ = 1, the phase characteristics

of Fig. 3 are flat over a range centering
about ¢ = ¢., with ¢. generally much
larger than one.

Turning now to the more complicated
case of the amplifier with compensating
elements added as in Fig. 1, the ratio of
output to input voltage can be written in
the form:

E, _ (f‘ﬁ) PV S
E; A, +JY

But the quantities X and Y are such
involved functions of frequency and the
cireuit elements that it seems feasible to
study them only in the simplified forms
they assume for the extreme ranges of
high and low frequencies.

(2)



A suggestion for dealing with the
problem of designing compensation to
keep the variations within specified limits
is embodied in Figs. 4 and 5. These
graphs represent a useful and convenient
way of summarizing the results of a
survey of a large number of gain and
phase characteristic curves, drawn for
various combinations of parameter values.

In Fig. 4, one ordinate is the compen-
sating advantage n. which is defined as the
ratio of the frequency at which the gain
characteristic of the compensated ampli-
fier shows a specified variation (14 per
cent for Fig. 4) to the frequency at which
the uncompensated amplifier shows the
same variation. The plotted values of
9. are maximum values, which can be
realized only by using optimum amounts
of inductance to affect h-f performance.
This optimum relation is given by the
¢x curve, where ¢z is inversely pro-
portional to the inductance L. The
parameter Ag is independent of the
compensating elements.

Similarly, in Fig. 5, the ordinate 74 is
the low-frequency compensating, or de-
coupling, advantage, defined as the ratio
of the frequency at which the uncom-
pensated amplifier’s time-delay character-
istic shows a specified variation (14 per
cent for Fig. 5) to the frequency at which
the compensated amplifier shows the
same variation. Of the two parameters
¥ and k, v involves R, while £ involves
both R, and Ca. The ratio R,/R. does
not involve the compensating elements.
The optimum relations between &k and vy
are given by the k curves, and the corre-
sponding maximum values of 7%, are
plotted for the 74 curves.

In Fig. 5, the 0.5 per cent tolerance of
phase-time variation is based on the
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Fig. 4 —Curves for obtaining the best compen-
sation possible in the high-frequency range.
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ordinate t/tz, where
tL = CcRL

The parameters {#, v, and k of Figs. 4
and 5 are defined

2
cr = ngn
_ R,R4
7= R+ Ry (B + Ra)
Cq R.Ra

k=GR & + R

There remains the second problem,
which may now be described as relating
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the variations of the network to the
distortions of the wave forms the network
is supposed to handle.

Attention is to be given here primarily
to phase distortion. The suggestions
proposed concern themselves principally
with two questions. First, there is the
question of the best way of presenting the
phase characteristic so that its variations
are obvious and so that it is conveniently
useful in predicting phase distortion.
The second question is the finding of a
method for estimating, from known
variations of a given network, the dis-
tortion of particular wave forms.

An example that answers both questions
to some extent is given in Fig. 6. It is
assumed that a perfect saw-tooth input
voltage E; is applied to one stage of an
uncompensated resistance-coupled ampli-
fier. If the fundamental frequency of
the input is low enough compared with
the middle reference frequency f. of the
amplifier, the output voltage E, will
show decided phase distortion. Figures
64 and 6B are drawn, respectively, for
fundamental frequencies /2,000 and
J:/1,000. The amplifier is assumed to
have a flatness parameter a = 104
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Fig. 6.—Phase distortion of a saw-tooth wave computed by Fourier analysis.
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The work summarized in Fig. 6 and in
Figs. 2 and 3 may be regarded as a
complete solution to the problem of
specifying phase distortion tolerances for
the uncompensated amplifier. For one
has only to look at Fig. 6 and decide
whether the amount of distortion shown
in A or in B (or in another similar graph)
is the most that can be tolerated, and the
numerical factors of the design are at once
determined.

The E, curves of Fig. 6 were obtained
by replotting the first six harmonic
components of E; shifted along the time
scale according to the phase characteristic
given in Fig. 3, and plotting the higher
frequency components as though they
had no phase shift at all. The error
involvedin this approximation is indicated
by the slight “ripple” which can be
detected in the strings of points. Refer-
ence to the appropriate low-frequency
points of the gain characteristic for
a = 10* in Fig. 2 shows that gain vari-
ation is quite negligible (less than 2 per
cent). One might expect that the gain
variation at high frequencies would cause
a rounding of the corners as indicated in
Fig. 6. How small this effect actually is
can be inferred from the fact that for the
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same tolerance of 2 per cent, ¢ = 2,000,
and the amplitude of the component at
this frequency is one four-millionths of
the fundamental amplitude.

This example, therefore, suggests the
following general procedure for estimating
distortion of periodic waves. The input
wave is analyzed into its Fourier com-
ponents; each component is changed in
amplitude according to the relative gain
atits frequency, and shifted along the time
axis an amount equal to the phase shift
at that frequency; the changed compo-
nents are then added to make up the
output wave; and finally, the output wave
is compared with the input wave for
changes in shape. In general, this would
appear to be a very tedious effort. But
the above example suggests that, as far
as the wave is concerned, usually only a
limited number of components are of
important amplitude; and, as far as the
network is concerned, usually the vari-
ations are appreciable only in a limited
range of frequency.

The Phase Tangent

In conclusion, it may be well to refer
to the statement, widely disseminated in
the literature, that the phase time shift

(usually called time delay) at a given
frequency is equal to the slope of the
phase-angle characteristic at that fre-
quency. This is an approximate truth
that may be quite useful in many cases,
but that may cause serious errors if used
injudiciously. The criterion is simple to
appreciate and is as follows. The phase
time shift is exactly equal to the slope of
the phase angle characteristic for a
characteristic that consists solely of lines
drawn from zero or multiples of 27 on the
ordinate axis. Hence if a phase charac-
teristic can be closely approximated by
tangents drawn from these points, the
actual phase distortion will be closely
approximated by taking phase time shift
equal to the slope of the phase-angle curve.
But for cases in which the tangents give
a poor approximation (e.g., one stage of a
resistance-coupled amplifier), phase time
shift at a given frequency may be far from
equal to the slope at that frequency.
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D-c Amplifier Design Techniques

By EDWARD L. GINZTON

Design equations with practical examples, stabilization of negative feed-back amplifiers,
cathode-follower and phase-inverter considerations, tube-drift problems in high-gain
d-c amplifiers, and operation of multistage amplifiers from common power supplies

AMETHOD of directly coupling successive
stages of a vacuum-tube amplifier
without using a common B supply has
been described by W. M. Brubaker.! In
the simplified version of this circuit
given in Fig. la, a battery is shown
tapped near the middle, with a resistor
connected across the entire battery.
Regardless of the position of the tap on
the battery, there is always a point on
the résistance that is exactly at the same
potential as the tap on the battery.
Thus, it is possible to tap a source of
voltage (E: -+ E.) and, regardless of the
load placed on the source of voltage,
find a point on the load that will be at the
same potential as the tap.

In Fig. 1b, this tap has been applied to
the amplifier coupling. A source of
voltage (E, -+ E.) is tapped, and this
point is connected to the cathodes of the
two tubes. Then resistances R,, R, R,
and the (d-c¢) plate resistance R, of the
tube are so chosen that the junction
between resistors Rs and R; is at the same
potential as the tap on the source of
voltage (E; + Es). Any number of tubes
may be cascaded in this manner, all using
the same power supply.

This method makes it possible to
eliminate the zero-signal d-¢ component
from any similar circuit. Several other
modifications are illustrated later, with
circuit data.

Design Equations

The equivalent diagram of Fig. 1b,
together with the symbols that are used
below, are shown in Fig. 2. It should be
noted that R, is the d-c¢ plate resistance
of the tube, equal to the d-¢ voltage
E, at the plate of tube divided by d-c
plate current I,. The analysis of this
circuit should show how the voltage E;
depends on the various constants shown
in Fig. 2, and how this voltage can be
adjusted to any desired value. Applying
Kirchhoff’s law to Fig. 2, one has
ip(Bp + R1) + 42:(B1) = E, } )
ip(Ry) + 22(R1 + R2 + R;3) = E; + E.

But i,,=£‘—’ and 1:2=E21;3E3
y 4
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(b)

Fig. 1.—Basic bridge circuit and bridge version used for interstage coupling.

By combining these equations and re-
arranging their terms,

_ E, + E;
B=Bg—payr/Ry @
and Ry =R B, — Es ®)
8 'E. — E(d + Ri/Ry)

Equations (2) and (3) are the design
equations. If one designs an amplifier
for given supply voltages F; and E.,
and a given plate voltage Eo, and if one
knows Ry, then R, and Rs; may be com-
puted to produce the required E;. Some-
times, however, one knows all voltages;
i.e., E1, Es, Ey, and Es, but E; must not
exceed a certain value. Then Eq. (3)
can be inverted

B E: — E

Bi=Bg —F + BBy P
Now, from Egs. (2) and (3),
_ Eo+ E;s

R2 - R3 m (5)

forming an alternate set of design equa-
tions.

If a resistance-capacitance coupled
amplifier is designed to produce a certain
amplification 4, and is converted into a
d-¢ amplifier by means of the ecircuit
described above, the amplification 4 of
the d-c amplifier will be less than A,
owing to the voltage drop across R..
"Efficiency of amplification may then be
defined as 7 = A/A,. While an exact
expression for the efficiency can be
derived, it is more significant to use an

(7]

Fig. 2.—Equivalent circuit of the coupling
network in Fig. 1b.

expression based upon a few assumptions.
If the resistance-capacitance coupled
amplifier is a pentode tube with an
infinite dynamic plate resistance, load
resistance R1, and grid leak resistance R,
and a transconductance ¢., its ampli-
fication is

Rle

B, + Rs ©

A0= gm

If a d-c amplifier is now designed using
the same load resistance R; and the same
grid leak resistance Rj3 then the ampli-
fication of the d-c¢ amplifier will be

- Ri(R: + Rs) R;
ngl + R; + RsR: + Rs
_ R[Rs
R TR AR

y: |

Efficiency of Amplification
The efficiency of amplification % can
be computed by combining Egs. (3),
(5), (6), and (7), giving

1
’7_1_*_ Ey+ E;
E; — E; + Ei — Ei(1 + R,/R,)

®

The significance of this relation can be
seen more clearly when E; = 0 and the
supply voltage Ep = (B1+ E2) > > E
(1 + Ri/R,), all of which is accurate
enough for qualitative discussion, re-
membering that R, can be considered
infinite. Then

. 1
"Y1+ EJE

This means that for best efficiency E,
should be as small as possible in com-
parison to the supply voltage. As an
example, a 68J7 may be operated under
the following conditions:

Ep = 400 volts

E, = E; = 200 volts
E, = 100 volts

E; = 0 volts
R,
R = 0.5
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Using Eq. (8), the comparative ampli-
fication is found to be 71.4 per cent. By
means of more careful design, efficiencies
in the neighborhood of 80 per cent can be
realized.

Example

As an example, Fig. 3 shows a two-
stage amplifier using two 6J7 tubes.
Suppose a 400-volt power supply is
available. From a tube manual, one
finds the recommended operating condi-
tions for such a tube. For 6J7:

Plate supply voltage.... 180 volts
Screen voltage......... 30  wvolts
Grid voltage........... 1.55 volts
Plate voltage (Eo)...... 60  volts
Plate current (¢,)....... 0.24 ma
Screen current......... 0.08 ma
Plate load (Ry)......... 0.5 megohm
Grid leak (R3)......... 0.5 megohm
Cathoderesistor........ 4,850  ohms
Voltage amplification. . . 93
Transconductance gm.... 375 pmhos

The d-¢ amplifier operating under
similar conditions will have the following
modifications in its design formulas,
obtained from the above data and the
notation previously given:

R, =— = ———— = 0.25 megohm

E, = 60 volts

E, = 150 volts
E, = 250 volts
Ea =0 VOlt

R, = 0.5 megohm

E; may be any practical value, zero being
the most convenient. From Eqgs. (2)
and (3), B2 = 1.07 megohms and R; =
0.428 megohm. The amplification per
stage can be computed from Eq. (7), and
is found to be 100. This is higher than
the corresponding resistance-capacitance
coupled stage because of the higher grid-
leak resistance. If the resistance-capaci-
tance coupled amplifier were to use the
same grid-leak resistance, its amplification
would be about 125 for the same value of
plate current.

It should be noticed that in single-
ended amplifiers with cathode resistors,
there is a loss in amplification due to
negative feedback introduced by the
cathode resistors, so that the effective
amplification per stage is A.;y = Ao/(1 +
R. g.), where R. is the cathode resistance.
In the example shown in Fig. 3, this
reduction in amplification is from 100 to
37. If the screen voltage is obtained by
means of a series dropping resistor, even
a further reduction of gain could be
expected.?
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~-150 =
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Fig. 3.—A two-stage d-c amplifier using pentode tubes.

The decrease in amplification due to
negative feedback introduced by the
cathode and screen resistors can be
eliminated either by using push-pull
amplifiers, in which case there is no
degeneration, or by using fixed grid bias
and screen supplies.

The amplifier shown in Fig. 3 should
have an over-all amplification of about
1,400, a uniform frequency response from
zero to 20,000 cycles, and should be able
to deliver about 50 volts peak without
appreciable distortion.

Stabilization of Negative Feed-back Amplifiers

Since the output of the Brubaker
amplifier can be adjusted to have a zero
d-¢c component, conventional negative
feed-back circuits can be used to stabilize
the amplifier. In applying negative feed-
back, the same oscillation criterion applies
as in the case of the ordinary resistance-
capacitance coupled amplifiers: unlimited
feedback can be applied in one or two
stages without any oscillation troubles,
and over a larger number of stages if
proper care is taken.® In general, appli-
cation of feedback to one stage does not
produce great benefits, and more than
two stages require a compromise design
between frequency response and the
degree of stabilization. It is the two-
stage amplifier that is easiest to handle
if audio frequencies as well as direct
current have to be amplified.

If negative feedback is applied to a
two-stage amplifier (or any even number
of stages), such as shown in Fig. 4,
the feedback resistor I; has to be con-
nected from the plate circuit of the last
stage to the cathode resistor of the first
stage. As a result of this, there is an
undesirable loss of amplification due to
two effects: (1) the un-bypassed cathode
resistor R. in the first stage, and (2)
the loss in gain of the second stage due to
the shunting of the plate load by (Rs+R.).

As was shown in the preceding section,

the first of these could be appreciable,
while the effect of the second depends
on the magnitude of the feedback desired.
These two effects are interrelated in such
a way that the greater one attempts to
make B (the fraction of output that is
introduced into the input), the lower is
the amplification of the two stages.
This just means that in order to obtain a
high degree of the stability, and at the
same time the highest possible ampli-
fication, these two effects must be
minimized.

In practice, this can be done by (1)

designing the output stage to operate with
the lowest possible impedance so that the
shunting effect of a given (R4 + R.) is as
small as possible, (2) designing the input
stage with the highest possible impedances
so that for a given 8, R4 becomes as high
as possible, (3) adjusting the operation
of the first stage so that its gain is ob-
tained for the lowest possible value of
gm, to reduce the degenerative effects
of R., the un-bypassed cathode resistance
of the first stage, (4) obtaining the bias
for the second stage either with a bias
cell, or merely by choosing the proper
value of E;.

If properly designed, it is possible to
obtain both a stabilization factor of 100
and an amplification of approximately
100 with a two-tube pentode amplifier.
Figure 4 shows the circuit and frequency
response of an amplifier similar to one of
Fig. 3, but stabilized by means of negative
feedback. It will be observed that in
order to connect resistance R, without
disturbing the potentials of the circuit,
a tap on resistance R, had to be used
which had the same potential with
respect to ground as the upper terminal
of R, of the first stage.

R4

] T { NI
A
1.0 ’\N ——
c 08
3 \
é’ 06
3 \
x 04
B
0.2 N
0 - :
10 100 1,000 10,000

Fregquency in cps

0.25 meg. 6SJ7

Fig. 4 —A two-stage direct-coupled amplifier employing negative feedback. Curve A shows the
frequency response with feedback; B, without feedback.
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Cathode-follower Considerations

Cathode followers of the type shown
in Fig. 5a find application in circuits
where a high impedance has to be con-
verted into a low one without the use of
transformers. In most such cases, in
addition to the bias resistor R., a resist-
ance R is added which allows greater
output voltages and at the same time
develops degenerative feedback which
tends to stabilize the action of the tube
against voltage and tube characteristic
changes. *

In conventional cathode followers, the
proper bias voltage developed across R, is
introduced to the grid through the resist-
ance R;. The voltage across Re is kept
from altering the situation by a blocking
cabacitor C, on the input side. Capacitor
C, prevents the direct voltage across
(R. 4+ Rs) from appearing at the output
terminals.

Figure 5b shows the d~¢ equivalent of
Fig. 5a. Here the capacitors are omitted
and the undesired direct voltage across
R is eliminated by connecting R; to E,,
which may be the same voltage as is used
in the amplifier proper. The proper
value of resistance R; is chosen so that
the current supplied from E: through
Rs and Ry just equals the total cathode
current of the tube; t.e.,

E, or R: = _l’zg - Rs (9)

zp=R5+R7 1p

Phase-inverter Considerations

Push-pull arrangements have even
greater advantages in d-c amplifiers than
in resistance-capacitance coupled ones.
Single-ended input voltages can be con-
verted to push-puli ones by means of
phase inverters, which are shown in
Fig. 6. It will be seen that these are
again merely modifications of the well-
known a-c circuits.

Figure 6a shows a push-pull amplifier in

which one grid is driven by the une
balanced input and the second grid from
the output ecircuit of the first one. The
circuit to the left of the live aa 1s designed
in the obvious manner using formulas
previously given. If this is done, then
the d-¢ potential from point & to
ground will be zero, and point ¢ can be
chosen so that the ratio (Riwo -+ Rui1)/Rio
equals the voltage amplification of the
driven stage. If properly designed and
adjusted, the input to both tubes will be
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balanced, there will be no degeneration
due to cathode resistance R., and the
gain will be the highest possible with the
tubes used. ‘

The phase inverter shown in Fig. 6b is
perhaps the more useful of the two. If
one were to bisect the circuit by a hori-
zontal line into two symmetrical parts,
then each one would again be designed
along the general principles outlined
before. Each half of the circuit could
possess a high degree of stability due to
degenerative feedback developed by the
resistor R.. In the form shown in Fig. 6b
the lower tube is driven by the signal
voltage developed across R. due to the
driver tube. If

R:Rs
Re+ Rs
then the output of the device will be
balanced to the same degree as the above
inequality. The balance, of course, can
be made perfect by adjusting the tap b
to the proper point.

It should be pointed out that resistors
Ri1 and R;» provide the proper bias
voltages for the two tubes, whereas R, and
Rs are so adjusted as to give the highest

gan> 1

o
b
o— I -0
Unbaloncea l Ry,
input
i ! c 'S Balanced
| output
] R!O
t -
|
I
a
(o)
o -
Unbalanced
input
Balance
I output
(b) Driven
Tube

Fig. 6.—Two types of d-c phase inverters.

The tubes can be either triodes or pentodes in the

circuit at (a).
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possible value of R, Rs/(R.+ Rs) and
still maintain the potential from point a
to ground zero, to provide for the condi-
tion that R. Rs/(R. + Rs) > > Ruor Riz.
Other types of phase inverters often used
in a-c circuits can be easily converted for
d-c applications.

Tube Drift Problems in High-gain Amplifiers

The most difficult problem in a high-
gain d-c amplifier is the change in the
plate current of the first tube due to
random changes in the work function
of the cathode surface. These current
changes are usually small, but are always
present. Negative feedback cannot elimi-
nate these changes because they act as
if they were input signal variations and as
such cannot be distinguished from the
signal itself.

The most serious immediate cause of
these current changes is the filament
voltage; although ambient temperature
affects the current also. (In addition,
there seem to be other causes that are not
yetunderstood.) To illustrate the magni-
tude of these changes, Fig. 7 shows the
variation of the output voltage due to
changes in filament voltage. The ordi-
nate is an equivalent input voltage, i.e.,
change in output voltage amplification.

>+Ez —E' o=

Fig. 8.—The basic Miller circuit which improves

the drift problem of the input stage of the d-c

amplifier. If g; is the transconductance of T,
then R; is nearly equal to 1/g..
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A great improvement can be realized
by means of a circuit deseribed by Miller.!
Miller uses a double triode with a common
cathode, and the circuit is so arranged
that, if one triode behaves in the same
manner as the other, cancellation of the
variation takes place. The basic circuit
is shown in Fig. 8. If Rs; = 1/gs, then
Ae = AilRl —_ (gz A‘l:lRl) Rz = 0, and
changes in emitter characteristics that are
common to both sections will produce no
net change in the plate current of the
active amplifier 7y, An amplifier built
with the first stage modified in this
manner is shown in Fig. 9. Figure 10
shows the variation of the output voltage
(again referred to input) as a function of
the filament voltage of the first tube. It
is seen that for a proper value of the
resistance R,, a marked improvement is
produced.

Operation of Multistage Amplifiers from Com-
mon Power Supplies

If many stages are used in an amplifier,
currents flowing through the source of
voltage (E, and E,) from the last stages
can introduce voltages into the earlier
stages. This causes regeneration which
can express itself either in oscillation or
other undesirable effects. There are
two ways to avoid the trouble: (1) use of
low-impedance power supplies, (2) sepa-
ately filtered lines to groups of stages.
The former can be accomplished by means
of either batteries or properly designed
electronic voltage regulators, and the
second by voltage regulator tubes such
as VR-105.

The general method described is useful
in extending practically all known tech-
niques now used in a-c amplifiers to zero
frequency. These methods are not re-
stricted to amplification alone.

One of the objectionable features of
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Fig. 10.—The effect of Miller compensation on
the stability of the amplifier shown in Fig. 9 in
respect to filament voltage changes.

this method is the necessity of two
voltages, positive and negative with
respect to ground. Miller* attempts to
get around this difficulty by using cold-
cathode regulating tubes as circuit ele-
ments. The use of these tubes in this
manner brings up other problems, how-
ever. The VR tubes need a fairly high
voltage to start them and draw heavy
currents. This causes troubles in design,
adjustment, and operation. The VR
tubes also tend to be noisy, so that their
use is usually restricted in amplifiers, at
least as circuit elements. The two
required voltages can be obtained from
one power supply and do not require
additional parts.
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Thermal Noise in a Parallel RC Circuit

By C. J. MERCHANT

Chart giving thermal noise voltage in microvolts produced by random

electron movement in & circuit composed of resistance shunted by capaci-
tance, for any desired bandwidth and for the entire frequency spectrum

THE lower limit to the magnitude of
voltages that can be measured is set
by the so-called thermal-agitation voltages
which arise spontaneously in the measur-
ing apparatus itself. When listened to,
this noise manifests itself as a rushing,
hissing sound, and is familiar to all who
have worked with high-gain wide-band
audio amplifiers.

Basic Formula

This voltage is a result of the random
movement of electrons in a conductor,
and is a function of the temperature of the
conductor, its resistance, and the band-
width over which the voltage is measured.
Since components of all frequencies
and random phasing are present, one
can only specify this voltage in terms of
its rms value. The formula relating the
above variables is as follows:

E = A/4kTR Af 1)

In this formula, E is the rins voltage
appearing across the terminals of the
resistance, k is Boltzmann’s constant,
equal to 1.374 X 10-2 joule per °K, T
is the temperature in degrees Kelvin, B
is the resistance in ohms, and Af is the
bandwidth over which the voltage is
measured. At room temperature this
formula becomes

E = 1.28 X 10 /R Af ()

This formula holds only for pure wire-
wound resistances of zero phase angle.
In the case of a general two-terminal
impedance containing reactances as well
as resistance, F. C. Williams has shown*
that one may compute the thermal noise
voltage in either of two ways: (1) one
may consider that only the resistances
in the impedance give rise to thermal-
agitation voltages, and that the react-
ances serve only as filtering agents by
suppressing or reinforcing certain fre-
quency bands; (2) one may reduce the

* WiLriams, F. C., Thermal Fluctuations in

Complex Networks, Wireless Section, Jour. [EE, 13,
53, March, 1938.

impedance to the equivalent series circuit,
integrate the resistive component of the
impedance over the desired frequency
band, and substitute the result in place
of RAf in formula (2). This formula
then becomes

E =1.28 X 1071 \/ZR af (3)

Using either method leads to identical
results.

Noise in Crystal or Condenser Microphone
Circuit

A case which arises frequently is that of
computing the noise voltage, over a
given bandwidth, which arises from a
resistor shunted by a capacitor. This is
the case of a erystal or condenser micro-
phone which, together with its grid leak,
acts as the input circuit of an amplifier.
Since such microphones, if their frequency
characteristic is flat over a wide range,
have relatively low output, the thermal
noise output of the microphone and its
grid leak often determine the minimum
signal that can be measured. The other
limiting factors are the ambient noise of
the room and the shot noise of the first
tube of the following amplifier.

The resistive component of the imped-
ance of a resistor and capacitor in parallel
is given by

Re(Z) = R (ﬁ) @)

where R is the value of the resistor in
ohms, and ¢ = f/fo, where f, is the
frequency at which X¢ = R, and is given
by fo = 1/2aRC, where C is in farads.
Substituting this expression in Eq. (3)
and rewriting fi, f2, and df in terms of ¢
expressed in radians, one has

@2 R d¢
_ ~10 — =YY
E =128 X 10 \/L, (1 + ¢2) (2,130
=128 X 10720

V'2:C

\/arc tan ¢, — arc tan ¢,
(5)

Equation (5) shows that the h-f regions
contribute very little to the total noise

voltage output. Thus, if one computes
the voltage developed across a given
resistor in parallel with a given capacitor
between fo and 100 f,, it is found to be
equal to 44.7 X 10-2/4/C. For the
same R and C, the total rms voltage
developed between f, and infinity equals
45 X 10712/4/C. Thus, the entire region
between 100 fo and infinity contributes
less than 1 per cent to the total output.
Hence if, as is generally the case, one
desires to know the total noise output
from a resistor and capacitor in parallel
as measured by an amplifier whose lower
cutoff frequency is in the vicinity of fo
and whose upper cutoff frequency is
many times fo, it will be substantially
correct to take this upper cutoff frequency
as infinity.

Basis of Chart

The chart was constructed by taking
the lower frequency limit f, as some
multiple N of f;, and the upper frequency
limit as infinity. It gives the value of
the rms fluctuation voltage E between
the frequency limits ¢; (in radians) = N
and ¢2 = %, where ¢1 =f/ 0y fo =
1/2xRC, and the value of E is obtained
from the following transformation of
Eq. (5), in which E is in microvolts and
C is in micromicrofarads: '

128 arc cot ¢,
— = \,— 6
v C 2 ©

To accomplish this transformation, ¢ is
set equal to infinity, so that arc tan ¢
equalsm/2radiansor90deg. Theresulting
expression under the radical is then equal to
arc cot ¢1. The change in the numerical
coefficient is a consequence of expressing
E in microvolts and C in micromicro-
farads in Eq. (6).

Thus, suppose it were desired to find
the rms noise-voltage developed across
a 20-upf capacitor and a 10-megohm
resistor in parallel, between the fre-
quency limits of f = 400 cycles and
infinity. Here fo is the frequency at
which X¢ = R = 10 megohms, and from

E=
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Chart giving rms value of fluctuation voltage across R and C in parallel between a given frequency

limit and infinity. The frequency limit is converted

into a value N as explained in the accompanying

article. When values in parentheses are used on one scale, the parenthesis values on the other
scale must be used.

the equation fo = 1/2zRC we get 800
cycles as the value of fo. Hence N =
f/fo = 400/800 0.5, and the inter-
gection of the abscissa C = 20 pef and the
contour N = 0.5 is found to occur on the

ordinate marked 12 pv.

Example of Chart Use

By taking advantage of the fact that
noise voltages add as the square root of

the sum of the squares of the component
voltages, the chart can be used to find the
noise voltage developed when neither
of the frequency limits can be considered
infinite. Suppose, for example, it were
desired to find the voltage developed
across the above R and C between the
frequency limits of 400 and 800 cycles.
From the above, the rms voltage de-
veloped between 400 cycles and infinity

is 5 uv. Proceeding in a similar manner
one finds the rms voltage between 800
cycles and infinity to be 3.5 pv. Hence
the voltage developed between 400 and
800 cycles equals /5% — 3.5? or approxi-
mately 3.6 uv. '

Effect of R on Noise Output Voltage

It is worthwhile noting that the total
noise voltage output of a given resistor
and capacitor in parallel, measured be-
tween the frequency limits of zero and
infinity, is independent of the value of
R, and depends solely on the value of
C, as long as R is some finite value differ-
ent from zero. The value of B serves
only to determine the distribution in the
spectrum of the total energy, which is
determined by C. Stated in a somewhat
different fashion, for any given value of
C, the voltage output measured between
f = 0andf = fois the same as the output
measured between f = fo and f = infinity.
Either of these statements may be
verified by reference to Eq. (5).

Tota!l Fluctvation Voltage up to Infinite
Frequencies

Although no amplifier or meter can be
made that will indicate to infinite fre-
quency, the concept of total noise generated
over the total spectrum is useful, since it
sets an upper limit to the thermal agitation
voltage to be expected from an impedance,
no matter what the bandwidth over which
the actual measurement is made. Thus,
by referring to the contour labeled
N = 0 on the chart, it is seen that irre-
spective of either the resistor or the
bandwidth, if C = 10 puf, the total
fluctuation voltage will be less than 20
wv. In some cases, this might be all the
information needed, as, for example, in
the case where the following amplifier
itself had a noise or hum level of several
times this quantity.



